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Executive Summary 

In the PSERC project “Implications of the Smart Grid Initiative on Distribution Engineering,” 
the research team targeted specific distribution engineering elements and practices that can 
benefit from smart grid technologies when renewable energy and energy storage resources are 
used at the distribution level. The research included:  

1) identification of the characteristics of a smart distribution system 
2) design of networked distribution topologies with renewable energy sources, and energy 

storage devices aimed at higher reliability and lower capital costs 
3) operation of networked distribution system topologies aimed at restoration after loss of 

supply 
4) quantification of the impact of penetration of plug-in hybrid electric vehicles (PHEVs) on 

demand response and 
5) development of distributed algorithms to control voltages at distribution levels. 

The underlying objectives of the research were: 

1) selective conversion of legacy radial systems to networked distribution systems 
2) use of sensory signals at the local and hierarchically higher levels for both supervised and 

fully automated control  
3) development of enabling strategies and interconnection configurations for renewable 

resources at the distribution system level. 

The research was divided into four parts discussed below. 

Part 1: Characteristics of a smart distribution system and redesign of legacy radial systems 
into partially networked systems 
The reported work in Part 1 focused on the definition of some characteristics of a smart 
distribution system and the design of islanded distributed systems with distributed generation 
sources. A survey was dispersed to members of the electric power industry to develop a 
definition and preferred facets of a ‘smart distribution system’ that (1) optimizes distributed 
assets; (2) incorporates distributed energy resources; (3) integrates massively deployed sensors 
and smart meters; (4) enables consumer participation in demand response; (5) uses adaptive and 
self-healing technologies; (6) makes use of advanced tools; (7) integrates smart appliances and 
consumer devices; and (8) possess the ability to operate in islanded or grid-connected mode. The 
results of this survey may be applied in determining the composition of simulation systems and 
areas where future research can be focused. 

Work reported in this part also included distribution system planning to add networked feeders to 
improve reliability. A planning optimization problem called “the feeder addition problem” was 
defined as:  

“given a distribution system with distributed generation sources, add networked connections 
such that the cost of the addition is feasible while improving the reliability and satisfying power 
flow constraints under islanded conditions”.  
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The system constraints considered include the operating requirements, such as voltage levels and 
branch loading. Two different optimization methods to balance cost and reliability were explored 
using two test systems. Both optimization methods were able to improve the system reliability 
for cases where distributed generation output exceeded feeder demand. 

Part 2: Quantification of the impact of PHEVs on distribution system demand response 
The planning approaches presented in Part 1 were extended to optimal distribution asset 
allocation and quantification of the impact of plug-in hybrid electric vehicles (PHEVs) at 
selected penetration levels. The reliability optimization problem was to determine locations for 
distributed generators and feeder intertie connections in a legacy radial distribution system in an 
islanded mode of operation. An extended methodology of an existing Multi-Objective Genetic 
Algorithm (MOGA) was used. The MOGA was applied to a test system in which two types of 
load modeling were used. Satisfactory design solutions were obtained.  

A Linear Programming (LP) optimization method was used to determine the impact on 
distribution systems of penetration of a PHEV fleet with vehicle-to-grid features. The method is 
based on a probabilistic simulation of daily behavior of a PHEV fleet. It was used to determine 
the charging patterns of the vehicles for utility peak-shaving purposes and for the benefit of the 
owner. The charging patterns of the PHEV simulated fleet were used to determine the impact of 
PHEVs in a distribution test system again under islanded mode of operation. Finally, the impact 
of PHEVs in the redesign of such distribution system islands was also analyzed. 

Part 3: Restoration, state estimation and reliability enhancement in distribution systems 
A new operating paradigm of distribution system design, operation and control is needed with 
high penetrations of distributed generation and distributed energy resources. Enhancing 
reliability with these resources requires new control and system operations, massive deployment 
of sensors, increased levels of data communications, and increased networking of distribution 
feeders. In this research, reliability enhancement methods and applications were developed, such 
as distribution state estimation that utilize sensor information to increase visualization, control 
and allow enhanced operation of the distribution system.  

Reliability enhancement and fast restoration using algorithms were created based on the binary 
bus connection matrix. This research provides a table lookup technology for reenergizing 
distribution system loads after a blackout of the transmission system feed points. The method is 
based on the objective of minimizing the unserved load energy. The method is appropriate for 
radial and networked systems. 

In the future many more sensors will be present in distribution systems. These sensors will allow 
simultaneous synchronized measurements of voltages and currents. In this research, these 
measurements, plus the system impedance and connection information, were used in a state 
estimation algorithm. The resulting distribution state estimates make all voltages and currents in 
the distribution system available for control of controllable elements of the system, e.g., demand 
side management, distributed generation which has controllable components, energy storage in 
the system, and possibly system interruption/restoration components. The estimation 
methodology accounts for differences between distribution and transmission systems including 
the need for three phase detail and the high R/X ratios commonly encountered in distribution 
systems. A test bed was used to demonstrate an algorithm and alternative formulation for 
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distribution system state estimation utilizing synchronized phasor measurements throughout the 
distribution system. 

Relating to reliability, the report gives an overview of measures of reliability. How these 
measures might be improved for distribution systems is outlined. 

Part 4: Distributed algorithms for voltage control in electrical networks 
Distributed energy resources can be used to provide the reactive power support required to 
stabilize and control voltage in electric power systems. As the number of distributed energy 
resources continues to increase, traditional approaches to the design and control of distribution 
networks will no longer be adequate. For example, on a clear day with high incident irradiance, it 
is possible for the active power injections from photovoltaic systems to reverse the flow of 
power and cause over-voltages on certain buses. The impacts of photovoltaic systems and plug-
in hybrid electric vehicles on distribution networks are of particular interest due to the potentially 
high penetration of these devices in the years to come. Although the contribution of each device 
is small, collectively, they can have a significant impact on system reliability and performance. 
Since the placement and number of these devices are unknown to system operators, a distributed 
control strategy is desired to determine the reactive power support provided for ancillary 
services. This report presents a resource allocation algorithm and an adaptive algorithm that 
modifies its behavior to respond to voltage limits on a radial distribution system. The ability of 
these distributed algorithms to control voltages is illustrated in a series of case studies. 

Major Results 
The major results of this research effort are: 

1) A survey based identification of imperative characteristics of a smart distribution system 
2) A multi-objective optimization of the redesign of legacy distribution systems to 

networked topologies for increased reliability at lowered costs 
3) A linear programming approach to the scheduling charging and discharging 

characteristics of a PHEV fleet in a distributed island resource aimed at demand response 
4) An optimization theory based approach to restoration of distribution systems following a 

blackout of the transmission system  
5) Development of a distribution class state estimator suitable for three phase state 

estimation (including unbalanced cases), systems of high R/X ratio, and mixed three 
phase / single phase configurations 

6) The formulation and an example of how synchrophasor technology can be used in 
distribution systems 

7) Development of a resource allocation algorithm and an adaptive algorithm that modifies 
its behavior to respond to voltage limits on radial lines. 
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1. Introduction 
 
1.1 Project objectives 
 

The Smart Grid initiative and similarly named efforts are targeting the modernization of the 

electricity grid. However, the efforts have largely focused on the transmission system. A con-

certed effort for adapting the Smart Grid initiative for the distribution system is proposed with 

the following main approaches:  selective conversion to networked distribution systems; utiliza-

tion of sensory signals at the local and hierarchically higher levels for both supervised and fully 

automated control; and the development of enabling strategies and interconnection configura-

tions for renewable resources at the distribution system level. 

This is the second volume in a three volume final report on a project that examines the im-

pact of the Smart Grid initiative on power distribution systems.  The main points of focus of this 

volume are: 

• Distribution system reliability and its enhancement 

• Restoration of service for distribution systems 

• State estimation for distribution systems. 

 

1.2 The Smart Grid Initiative 

The Smart Grid initiative is a modernization of the U.S. power grid by the U.S. Department 

of Energy (DOE). References [1]-[6] provide details, published reports and policy information 

related to the Smart Grid. Title XIII of the Energy Independence and Security Act (EISA) of 

2007 outlines plans for a modern, reliable and secure electric infrastructure system. The Smart 

Grid as detailed in reference [1] must have all the following characteristics: 

1. Increased use of digital information and controls technology to improve reliability, secu-

rity, and efficiency of the electric grid. 

2. Dynamic optimization of grid operations and resources, with full cyber-security.  

3. Deployment and integration of distributed resources (DR) and distributed generation 

(DG), including renewable resources.  

4. Development and incorporation of demand-side response (DSR), demand-side manage-

ment (DSM) resources, and energy-efficiency resources.  
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5. Deployment of ‘smart’ technologies (real-time, automated, interactive technologies that 

optimize the physical operation of appliances and consumer devices) for metering, com-

munications concerning grid operations and status, and distribution automation.  

6. Integration of ‘smart’ appliances and consumer devices.  

7. Deployment and integration of advanced electricity storage and peak-shaving technolo-

gies, including plug-in electric and hybrid electric vehicles (PHEV), and thermal-storage 

air conditioning.  

8. Provision to consumers of timely information and control options.  

9. Development of standards for communication and interoperability of appliances and 

equipment connected to the electric grid, including the infrastructure serving the grid.  

10. Identification and lowering of unreasonable or unnecessary barriers to adoption of smart 

grid technologies, practices, and services. 

Fig. 1.1 is a graphic depiction of the Smart Grid concept. 

 

The project attempts to identify adaptations of the Smart Grid initiative for the distribution 

system. This effort includes studying selective conversion to networked distribution systems, uti-

lization of sensory signals at the local and hierarchically higher levels for both supervised and 

fully automated control, and the development of enabling strategies and interconnection configu-

rations for renewable resources at the distribution system level. 

 

This work is also supported in part by the National Science Foundation (NSF) under the En-

gineering Research Center program in a national ERC denominated as the FREEDM (Future Re-

newable Electric Energy Delivery and Management) center.  The focus of FREEDM is the use of 

solid state devices for power system control.  The use of solid state controllers considered in this 

report relate to the following roles: 

• Rescheduling of power during restoration 

• Control of distributed generation – particularly renewable generation resources 

• Control of selected loads to effectuate peak demand reduction. 
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Figure 1.1 Depiction of the Smart Grid concept  

 
 

Much of the discussion related to the Smart Grid has focused on the transmission system. 

References [7][8] indicate that better modeling and analysis of the typically over-designed distri-

bution system is necessary to maximize the use of this resource. More accurate modeling and 

analysis of the distribution system can provide utilities with a greater degree of control to enable 

system operation closer to operating limits. Reference [6] identifies distribution level items in the 

Smart Grid initiative to be the following: distribution automation, which includes feeder and load 
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balancing, capacitor switching, and restoration; and an advanced metering infrastructure (AMI) 

which includes meter reading, remote service enabling and disabling, and demand response.  

 

1.3 Power system deregulation, industry restructuring and resulting impacts 

on distribution systems   
The electric power industry in many parts of the United States has undergone deregulation 

and subsequent restructuring. References [9]-[13] and [15] provide discussions on power system 

deregulation, industry restructuring, impacts of and technical operating issues related to deregu-

lation and restructuring. The general premise of deregulation assumes that competitive markets 

offer a greater benefit to consumers. In the power system, deregulation and restructuring essen-

tially involves the replacement of rules and regulations governing the utility operation by a dif-

ferent set of directives allowing open access to resources and competition amongst both the old 

players and newcomers. The subsequent restructuring of the industry to allow open access and 

competition involved separating of generation, transmission and distribution functions, histori-

cally performed by the single vertically integrated utility, into separate entities (or even compa-

nies) [9]-[11]. The  wholesale power market provides a structure where new market participants 

such as generating companies (genco), transmission companies (transco), distribution companies 

(disco), regional transmission organizations (RTO), independent system operators (ISO), inde-

pendent power producers (IPPs), marketers and aggregators (of information and services) all par-

ticipate in the day-to-day operations, and possibly the long term planning of the electric power 

system [9][10]. The generation and transmission systems have seen drastic changes in operating 

practices, system stress levels and have encountered operating challenges not previously seen in 

the traditional heavily regulated utility environment [9]-[12],[15]. Deregulation remains mostly 

on the generation and transmission levels while the distribution functions largely remain regu-

lated [9],[12]. A major factor in the deregulation process has been the requirement for open 

access to the transmission system since this is a key to allowing competition (via generators 

owned by IPPs and distant utilities).  

 

It is vital to note that along with deregulating the industry, a different set of incentives are re-

quired to maintain the safe, efficient and reliable operation of the bulk power system [9]- 

[12],[15]. Primarily, market participants respond to financial incentives. Along with financial 
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incentives, the ability to meet requirements beyond short term supply is needed; for example, 

maintaining an operating reserve margin, ensuring future generation capacity is sufficient to 

meet load growth, and emphasis on reliability are essential to keeping the power markets func-

tional and encourage technology and innovation to move in the right direction. An important as-

pect of such incentive structures can be illustrated using the policy of the renewable electricity 

standard (RES), also known as the renewable portfolio standard (RPS) [16]. According to refer-

ence [16] “RPS uses market mechanisms to ensure that a growing percentage of electricity is 

produced from renewable sources, like wind power”. The RPS provides a predictable competi-

tive market for all power supply sources, including renewable electric sources, to compete with 

the intention of driving down prices.  As of February, 2010, the American Wind Energy Associa-

tion (AWEA) identifies twenty-eight U.S. states that have adopted RPS policies.  

 

Reference [10] identifies components within the competitive market structure that may be 

potential products or services paid for by customers. Examples cited include diversifying fuel 

supply, insulation from environmental regulation variability, stable rates, emissions reductions, 

local reliability and enhanced power quality. It goes on to say that “integration of these functions, 

technologies and products, along with integration of energy efficient equipment with sophisti-

cated monitoring and operations are key elements to the restructuring of electricity markets”. 

Reference [10] indicates that integration of key technologies and process improvements extends 

to the end-use customer. However, much of the discussion to date has focused on transmission 

system improvements. Much of the new technology as envisioned in the Smart Grid initiative 

must be implemented at the distribution level. In addition, smart strategies for optimizing the ef-

fectiveness of these technologies must be implemented [12]. For example, distributed resources 

including renewable solar and wind generation, DSM technologies, and energy efficient ap-

pliances are most likely to penetrate the distribution system at residential and commercial loads; 

however, the present practice of disconnecting DG from the grid, as required by IEEE Standard 

1547, may be suboptimal approach [17]. 

 

Rethinking distribution system design and operation practices may be required, especially 

since enhancements in efficiency and reliability, as well as inclusion of new technology, i.e. cus-

tomer equipment, sensors, control equipment and smart demand management strategies, will in-
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evitably occur at the distribution level [9][10]. Notably, there is a comparable lack of literature 

relating industry restructuring to impacts on distribution systems.  Note, however, that distribu-

tion system operations and rates are still subject to regulation [9]. 

 

Considering the aforementioned it is important to highlight the relatively low amount of at-

tention paid to the distribution system. Power distribution continues to be a heavily regulated 

business. It is myopic to envision attainment of the goals of the ‘Smart Grid’ without serious 

technical and policy enhancements at the distribution level. Enhancing power system reliability, 

particularly at the point of end use, increasing efficiency, integrating renewable resources and 

other components of the Smart Grid initiative must include distribution system considerations. 

Many of the proposed technologies, including distributed energy resources (DER), small renew-

able electric resources (solar, wind), DSM, DSR, and the AMI, along with the necessary com-

munication infrastructure will help to meet RPS goals. However, the vast majority of these tech-

nologies must be added to the power system at the distribution level. There exist relatively few 

incentives, financial or otherwise, for the typical distribution level customer at to participate. The 

typical customer will need incentives to change behavior, like opting to purchase high efficiency 

equipment or install renewable resources. Better modeling of distribution systems will allow a 

greater degree of control, and therefore may allow engineers and operators to push the distribu-

tion system to new levels of operation. 

 

1.4 The electric power system:  transmission vs. distribution  
The electric power system is comprised of generation, transmission, distribution and the 

loads to be served. Generation of electric power is typically accomplished by some energy con-

version process (coal, nuclear, natural gas, wind, solar, and hydro). Traditionally utilities have 

been operated with large centrally located generation stations (base loaded units) that ensure 

economies of scale, and intermediate and peaking units to supply power during times of peak 

load [9][18]. Power is then shipped to load centers via high voltage transmission lines. Near 

these load centers, the voltage is stepped down to sub-transmission or distribution level voltages 

for delivery to the end-use customer. Customers are often classified according to their usage as 

residential, commercial or industrial; additionally, commercial and industrial customers may be 

classified as large or small [20][24]-[26]. 
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Transmission systems operate at high voltages to reduce real power (I2R) losses. Voltages 

range from 115 kV to as high as 1000 kV. These high voltage transmission systems are typically 

networked for improved reliability. Networked operation complicates modeling and simulation 

of transmission systems; however, advances in computing/processing power and computing me-

thods allow for fast and relatively accurate simulation and state estimation of transmission line 

flows. The deregulation and subsequent restructuring of the electric power industry has increased 

the influence of public policy and market forces in transmission operation, often requiring power 

flow along paths that the physics of the system will not allow [12][15]. The transmission system 

has seen an increase in the number of area interconnections, tie-line flows and large power trans-

fers over long distances [9]-[12],[15]. This phenomenon dramatically increases need for detailed 

modeling of the power systems, especially of generator response to disturbances and contingency 

analyses for the purposes of reliability and security assessment [15]. Once power is delivered to 

the distribution (or sub-transmission) substation it is stepped down to distribution level voltages. 

 

Distribution class voltages are typically in the range of 4–35 kV. Distribution systems ac-

count for a major subset of the electric power infrastructure and connect most types of loads to 

make electrification possible. Distribution systems are densely populated with equipment (step-

down transformers, breakers, reclosers, sectionalizers, fuses, switches, meters, capacitors), and 

are the ultimate point of connection for most end-use customers [9]. Distribution systems typical-

ly have more interconnections and a larger variety of operating requirements than generation and 

transmission systems, but are typically run short distances, especially when compared with 

transmission.  

 

Distribution engineering is a complex science and ultimately involves striking a balance be-

tween the multiple objectives including the following: reliability, efficiency, voltage regulation, 

safety and environmental and aesthetic impact and cost. As indicated in reference [20] distribu-

tion system performance has the greatest effect on system-wide reliability indices. Reliability 

will be discussed in detail in a later chapter. As discussed in detail in section 1.2, it is imperative 

for the distribution system to be at the forefront of realizing goals of the Smart Grid initiative. 

Along with the inclusion of new technology, changes in operating practices such as networking 
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distribution systems may be required to maximize the value of grid connected DER and DG, as 

well as providing the redundancy needed to achieve greater reliability [29]. 

 

1.5 Networked distribution systems 
References [7],[8],[18],[21], and [27]-[29] discuss both the advantages and disadvantages of 

operating distribution systems as networks. As indicated in these references, both primary and 

secondary distribution systems operated as networks offer superior reliability when compared to 

radial systems. This is due to the increased level of redundancy built into a networked system 

where the failure of individual components do not have as significant an impact on system out-

ages as with radial operated systems [21][31]. However, many of the distribution systems today 

are built as networks but operated as radial for a number of reasons. Networked operated systems 

have historically been more expensive to build, operate and maintain. They require more ad-

vanced methods of protection, specialized network equipment, and greater focus in coordinating 

operation. These cost, complexity and safety issues continue to encourage the utility preference 

for radial distribution system operation. However, many densely loaded urban distribution sys-

tems have been operated as networked systems because of the need for higher levels of reliability 

[18]-[21],[23]-[27]. Note that high voltage transmission systems are typically operated as highly 

interconnected networks.  

 

Advances in power system communication and controls technology, combined with decreas-

ing costs, market incentives and a changing political landscape may encourage the migration 

from the legacy radial operated distribution systems towards partially networked operation. As 

new technology provides alternatives for connecting DER, DSM and ‘smart’ customer equip-

ment at the distribution level, networked distribution system operation may become preferable to 

optimize the use of these resources. As discussed previously, the penetration of DER, especially 

renewable DG, is expected to increase significantly in the near term [1,6][29]. 

 

1.6 Distributed generation in distribution systems 
As previously mentioned, the inclusion of DER in the distribution system is a key component 

of the smart grid vision. Of particular interest is the burgeoning of renewable DG from sources 

such as solar and wind. As previously discussed, the existence of RPS and numerous state and 
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federal government incentives have changed customer perception of renewable energy resources.  

Connecting these resources at the distribution level poses unique issues to the electric distribu-

tion system.  The IEEE standard 1547 requires distributed generators to be disconnected from the 

grid if a fault is detected. This requirement exists to prevent equipment damage from distributed 

generators feeding a fault once the utility source has been disconnected and to ensure the safety 

of line crews responding to an outage (assuming lines are deenergized) [17][52]. The contempo-

rary design, operation and protection of the utility distribution system create the need for the sub-

optimal response as required by the IEEE standard. As distributed resources continue to pene-

trate the distribution system, utilizing distributed resources, controllable loads and utilizing other 

DSM technology will become a major imperative. Modifying the design and operation para-

digms of the conventional distribution system to increase levels of visualization, control and inte-

raction of customer loads (active loads) and customer DG is required. Improved sensory data, 

improved system visualization, monitoring and control are addressed subsequently. 

1.7 Sensors in the distribution system 
Sensors in the distribution system refer to measurement devices, often called transducers, that 

detect one parameter and transforms/outputs it as some other (desired measurement) parameter. 

In the power system sensors are used for a variety of applications. For example, relaying and 

protection, control, communication and maintenance are functions for which sensory information 

is gathered and used in some form. For relaying and protection, sensing of voltage and current is 

performed to prevent equipment damage or avoid unsafe operating regions where 

sensed/measured parameters fall outside allowable ranges.  

  

Conventional power system measurements include bus voltages, line currents (in amps), real 

power and reactive power. Voltages are measured with potential transformers (PTs), while cur-

rents are measured with and current transformers (CTs). Power and reactive power is measured 

with devices employing combinations of both PTs and CTs, such as the (Watt-hour meter).  

Measurement device accuracy requirements depend on the application for which the measure-

ment device is used.  For example, meters used for billing often utilize high-precision sensors 

that produce very accurate measurements. Lindsey presents a range of contemporary distribution 

system sensors (CTs and PTs) in [71] in which he discusses typical uses and measurement accu-



10 
 

racies. Accuracy of current sensors range from 5.3% (for a CT) to 5% (for a current sensing coil). 

Accuracy of voltage sensors range from 5.3% (for an optical transformer utilizing Pockels Ef-

fect) to greater than 5% (for capacitive dividers).  

 

The evolution of power system sensors has advanced to include devices with the ability to 

‘time-stamp’ each measurement via Global Positioning System (GPS) of satellites. One class of 

these devices is referred to as phasor-measurement units (PMUs) that produce synchronized pha-

sor (synchrophasor) measurements. PMUs are capable of capturing near real-time voltages, cur-

rents, line flows and other measurements quantities. These time stamped measurements allow for 

calculation of the phasor quantities; that is angular difference between voltages and currents, or 

angular separation between buses can be ‘measured’ or rather calculated using real-time data. 

Note that this was not possible before the advent of the PMU. PMUs are expected to have a ma-

jor impact on the operation of the power system in the near future as indicated in references [37]-

[39], especially as they relate to power system state estimation. Note that PMUs are largely 

based on the premise of sampling up to the time interval 1/60 second (for a 60 Hz system).  The 

PMU develops the measurement of the best (minimum square error) fit of a 60 Hz sine wave to 

the measured quantity.  It is possible to abandon the sinusoidal steady state operational assump-

tion and simply time stamp voltage and current measurements. 

 

IEEE standard C37.118-2005 provides standards for synchrophasors for power systems [54].  

This standard provides information on definitions, requirements for synchronized phasor mea-

surement devices, accepted sampling rates, data processing, and the synchrophasor message for-

mat. Synchrophasor measurement devices as they relate to distribution system state estimation is 

discussed in 0.  Note that distribution system state estimation will be discussed below.   

 

Other measurements including temperature (ambient or internal to equipment), device health 

monitoring, and harmonic voltages or currents may also be utilized within a power system. Har-

monics refer to integer multiples of the power frequency. As indicated in [32] the presence of 

harmonics may indicate unbalanced operation or the presence of non-linear loads.  
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1.8 Distribution system state estimation 
References [37]-[49] are a small sample of literature on the topic of state estimation; however, 

most of the discussion has related to the transmission system. Measurements are taken at loca-

tions all over the transmission system. State estimation is used extensively at the transmission 

level to obtain a ‘snapshot’ of system parameters to help operators get a better picture of the state 

of the system. For example, measurements include bus voltages, line MW and MVAr flows and 

other parameters. Based on the measured information, the estimated topology is verified, and the 

‘state of the system’ (real-time bus voltages, line flows, angular differences at buses) at a given 

point in time is established using the measured values. Non-metered locations and line flows are 

estimated within the power network based on the measured values.  

 

The most common methods used for performing state estimation at the transmission level are 

weighted least squares estimation, maximum likelihood estimation or minimum variance estima-

tion [40][47]. Estimates are based on measurements at various locations throughout the power 

system and generally assume that the network model is known, although there are methods em-

ployed to check the adequacy of these assumptions (model verification). Transmission systems 

are large in size and scale, are highly interconnected, geographically distributed and typically 

possess a high degree of observability (via SCADA and other measurements). The former is es-

pecially true when compared with distribution circuits where measurements are often not availa-

ble. The transmission network functions as the major supply network for power to be transferred 

from generators to dense load centers; consequently, they are considered critical to the continued 

supply of load. The critical nature of the transmission network, along with the practice of net-

worked operation of transmission systems contributes to the increased need for observability and 

control. The size, scale, operating criteria, monitoring and control of the transmission system re-

quires the use of measurement devices that naturally lend themselves to use in state estimation. 

State estimators provide a tool where the need for conventional power flow studies, which re-

quires a lot of processing power and time, is reduced or eliminated. Transmission systems are 

generally modeled in great detail when compared to distribution systems.  

 

State estimation at the distribution system level is a topic garnering more attention.  Attempts 

at constructing distribution system state estimators have been discussed in literature 
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[43],[44],[46]. However, as previously indicated, widespread implementation of distribution state 

estimation has not been feasible. Historically, distribution system state estimation has been 

thought to be too complex to implement for a few noteworthy reasons. For example, the quantity 

and redundancy of measurement devices on transmission circuits is not typical of distribution 

circuits. The concept of a distribution class state estimator is the topic of 0. 

 

In this research, methods of utilizing distribution system state estimation are proposed for 

restoration functions, reconfiguration and partial networking of distribution networks. The argu-

ment is made that to fully utilize DER, renewable distributed generation, enable DSM and other 

emerging technologies, a transition from conventional distribution system operations methods is 

appropriate. When combined with the aforementioned increase in the number of sensory mea-

surements available at the distribution level, increased penetration of DER, DSM and improved 

load metering, and the selective conversion of radial distribution systems to partially networked 

systems, the advantage that distribution class state estimators can present is very significant. The 

availability of sensory information from new sensors may be included with a distribution class 

state estimator to implement renewable resource (and DG) control, demand side management 

control, and to perform functions that are well aligned with the Smart Grid vision. 
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2. Distribution System Reliability 

2.1 The basic distribution system reliability indices  
Perhaps the best known distribution system reliability measures are the system average inter-

ruption duration index (SAIDI) and the system average interruption frequency index (SAIFI),  

 

 
(2.1) 

 
(2.2) 

 

These indices do not capture all information relating to system reliability, and they notably omit 

capture of the load lost during outages.  The indices also suffer from the fact that they are often 

calculated inconsistently [30].  Since these indices are system averages, they may not give in-

formation on specific bus reliability. For specific bus reliability, load point indices are required.  

Additional similar indices are the customer average interruption duration index (CAIDI) and the 

average service availability index (ASAI),  

 

 

 

(2.3) 

 

 

(2.4) 

 

Note that the ASAI and similar indices may be expressed as a ‘number of nines,’ N9, where  

N9 = -log10(1-ASAI). (2.5) 

 



14 
 

Thus N9 for ASAI = 5.9999 would be 4 as an example.  (2.5) can be approximated by the Taylor 

series expansion, 

 
(2.6) 

 

where a system upgraded from an ASAI of A to an ASAI of A + ΔA results in a concomitant in-

crease in reliability of N9 to . Similarly, for an upgrade of SAIDI to SAIDI + ΔSAIDI (i.e., 

ΔSAIDI < 0),  

 (2.7) 

Indices like SAIDI, SAIFI and others provide system wide reliability measures. The reliabili-

ty measures of distribution system components or individual buses, which are also referred to as 

load point indices in references [20] and [21], can also be determined. These indices include the 

average failure rate, λ  (expected number of failures/year); expected outage time, r (h); annual 

unavailability, U (h/y); and expectation of unserved energy, E (kWh/outage or kWh/y), that cap-

tures the energy demanded by system loads that cannot be delivered to those loads [20]. These 

probabilistic data may be adjusted using historical data or factors unique to the area of study, 

such as weather effects, aging infrastructure or other data pertinent to assessing expected compo-

nent lifetime. Load point indices can be used to evaluate the relative performance of alternative 

system designs, restoration plans or system topology changes. Reference [30] discusses the ad-

vantage of using these indices for benchmarking in a repeatable and standardized environment. 

 

2.2 The performance of a legacy distribution system 
It is known that for a system to be highly reliable and fault tolerant, in addition to multiple 

redundant paths, it is paramount to have smart strategies such as fault detection, isolation and 

reconfiguration (FDIR) to manage redundancy. The existence of FDIR in contemporary net-

worked distribution systems is limited to local protection schemes which usually do not commu-

nicate with each other. Thus, in order to selectively convert existing networked distribution sys-

tems into smart distribution systems, it is proposed to add FDIR mechanisms and other auto-

mated control concepts. The methods used shall also replicate transmission system concepts that 

use system restoration logic to automatically restore the distribution system.  Using circuit matrix 
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concepts, the optimization of the reliability at system buses shall be performed based on the re-

liability of individual components.   

 

2.3 A network theoretic approach to the calculation of reliability 
In graph theory, a physical system can be represented by a set of nodes (points, vertices, in 

power engineering these are usually buses), connected by a set of edges (branches, arcs, or in 

power engineering, lines) [33]-[35].  A graph is an ordered pair consisting of a set of nodes, n, 

and a disjoint set of edges, e, that can be mathematically characterized by an incidence function – 

usually a matrix. An incidence function associates nodes with edges. For example, the set that 

includes node a and node b are joined by edge, 1 in Fig 2.1.  This configuration is first discussed 

in general, with no particular limitation as to what the nodes and edges might be.  Subsequently, 

the discussion will focus on distribution power systems. 

 

a b1
 

Figure 2.1 Graph with two nodes and one edge 
 
Two nodes joined by an edge are defined as adjacent nodes while the edge is an incident to 

either node. Two distinct nodes are defined as neighbors. Edges that leave and arrive at the same 

node are called loops. Two edges connecting the same two nodes are parallel edges. A graphical 

diagram depicts connection of nodes with edges. If the edges are directed, meaning that they 

leave node a and arrive at node b, the system of nodes and edges is called a directed graph, or 

digraph. Figure 2.2 (a) shows a digraph. In graph theory a symmetric digraph, one where direc-

tional edges connect nodes i and j in both directions, can be treated as an undirected graph [33]. 

Undirected graphs can neither have loops nor multiple edges connecting the same nodes. Figure 

2.2 (b) shows an undirected graph. A power system can be represented as an undirected graph. 

 

A path refers to a graph whose nodes are both linearly and sequentially connected; that is, the 

graph starts at node and returns to the starting node through intermediate nodes. In a digraph, an 

edge connecting two points is called a directed walk. If all the nodes are distinct it is referred to 

as a directed path. The length of a graph is defined as the number of edges in the graph; conse-

quently, a graph with x edges is referred to as an x-path graph. Figure 2.2 illustrates the concept. 
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Figure 2.2 (a) is a directed graph with a set of directed walks w = {1, 2, 3, 4, 5} connecting the 

set of nodes {(a, b), (b, c), (c, d), (d, a), (a, a)} respectively. Notice from Figure 2.2 that ‘walk’ 

(path) 5 is a loop since both ends are connected to the same node; however, in the power system 

loops cannot exist. Figure 2.2 (b) shows a 4-path undirected graph. Both graphs are referred to as 

connected graphs since all nodes are connected to each other through some combination of edges. 

 
Figure 2.2 (a) A directed graph showing directed walks, directed paths and a loop;  (b) An 

undirected graph showing walks completing path w, x, y, z, w 
 

A connected graph refers to one in which a path exists between any two distinct nodes. Ref-

erence [33] indicates that it is important to study how connectivity changes with the removal of 

an edge or the removal of a node. This is an important aspect in the study of the distribution sys-

tem. If all nodes in the graph are not connected, it is referred to as a disconnected graph or a 

component of the graph. To mathematically model a graph or analyze its properties a matrix re-

presentation of the graph is preferred [34]. Graphical theory can be used to express incidence, J, 

and adjacency, A, matrices.  The incidence matrix of an n node, e edge graph is found to be a ma-

trix of size n x e with each entry denoting the number of times an edge is incident to a node.  In 

this generalized graph theory context, it is assumed that an edge may start and also end at the 

same node.  The adjacency matrix, A, is of size n x n, where entries indicate connected nodes.  

 

At this point, the connection between graph theory, incidence matrices and distribution pow-

er systems is shown.  The distribution system can be represented as an undirected, connected 

graph, where nodes and edges are represented by buses and conductors respectively; essentially 
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the graph of a distribution system can be visualized as a one-line diagram with no impedance da-

ta. Power system data are typically provided indicating ‘from bus’ and ‘to bus’ information. This 

information is used to construct both adjacency and incidence matrices. The subsequent discus-

sion uses binary representation of graphs, and of the adjacency and incidence matrices, in power 

system applications. 

 

Various methods are available to accomplish system reconfiguration. A binary connection 

matrix, B, is used to model the distribution system for connectivity. Branches are modeled as 

ones when energized and zero when deenergized, 

 

 
 

For a system with n buses, the matrix Bn-1 will contain all ones except in positions ij where i and j 

are not connected to each other through any number of intervening buses.  Thus a zero entry in 

Bn-1 identifies buses that are not energized [10].  B is an n x n matrix and contains binary entries. 

It is possible to ‘raise B to higher powers’ using Boolean operations, e.g.,  

 

 
 

where  and  are Boolean OR and AND operators respectively. The modeling of circuit break-

ers and switches is such that breakers or switches are represented as ones when closed and zero 

when open.  

 

The properties of the B matrix and its powers (i.e. Bn) can be used to trace connectivity of the 

networked system. The properties of this matrix can be used for analysis of proximity (how close 

one bus is in relation to another via number of lines), degree of connectivity (how many lines 

connect two buses), and the calculation of intervening buses between two nodes [22]. For a sys-

tem with n buses, Bn-1 contains all ones if the system is fully connected. Any zeros in the matrix 

identify disconnected, and therefore, deenergized buses. For a system with n buses, By contains 

ones only when buses are connected by y lines or less; additionally, evaluation of the calculation 
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shows that there are y-2 intervening buses. The B matrix possesses properties through which the 

evaluation of system/network connectivity and reliability can be assessed. Chapter 4 presents 

illustrative examples of B matrix applications in reliability assessment. 

 
Advantages of using the B matrix include the use of Boolean arithmetic to locate energized 

(or deenergized) buses. An example of an application may be the minimization of unserved 

energy after a component failure and consequent reconfiguration.  The B matrix allows all ener-

gized loads, line segments and buses to be identified for all allowable network configurations. 

Figure 2.3 outlines the major steps in which the B matrix is used in a distribution system reconfi-

guration algorithm. The application may be used in design applications to optimize placement of 

interrupting devices (breakers, reclosers, switches, electronic switches), or in distribution system 

operations as a method to automate circuit restoration and reconfiguration. Additional comments 

on this algorithm and elements of Smart Grid operation are shown in [36]. 
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Figure 2.3 B matrix algorithm to be used in distribution system applications 

 

The B matrix provides a foundation for the circuit connectivity analysis. Load diversity, daily 

load profile and seasonal load profile patterns require robust design and operation methodologies. 

The B matrix can be used in a running real-time control application that inputs sensory informa-

tion about the system into an algorithm that can enhance automated restoration and reconfigura-

tion ability. For example, sensors in the distribution circuit can monitor real-time demand infor-

mation and use these measurements to minimize the unserved energy in the event of an interrup-
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tion.  Fig. 2.4 shows the proposed concept of real time monitoring / sensing / reconfiguration 

calculation. 

 

2.4 The role of sensors in distribution system reliability enhancement 
Increasing the amount of sensory information gathered is a major component of the Smart 

Grid Initiative.  Only the collected data allows increased visualization, enables greater levels of 

automation, and provides an operator with a greater degree of control to reconfigure network to-

pology, perform efficient circuit switching and respond to changes in operational real-time. The 

inclusion of new technologies and enhancement of control techniques for distribution systems is 

required to migrate the conventional legacy distribution system towards a Smart Grid as envi-

sioned in [1]. Figure 2.5 presents a concise visual depiction of various components that are re-

quired to realize the Smart Distribution System. 

 

To enhance distribution system reliability, the number of sensors and types of sensors must 

drastically increase. Conventional distribution systems have sensory data gathered from the dis-

tribution substation, but have minimal data gathering along the distribution feeder and at custom-

er loads (with the exception of billing information).  Customer usage and billing information has 

typically been utilized only for the purpose of billing, and until fairly recently even meter reading 

functions were performed by utility personnel physically collecting that data from customer sites. 

With the deployment of a smart metering infrastructure, customer usage and billing data can be 

made available at time intervals as short as 15-20 minutes.  This near real-time data availability 

can help improve distribution system reliability and can enhance automated reconfiguration and 

restoration following a disturbance. Note that events that count towards SAIDI and SAIFI indic-

es discussed previously are sustained disturbances of 5 minutes or longer.  Conventional distribu-

tion system reliability (as measured by SAIDI, SAIFI) and similar indices can be improved sig-

nificantly with fast reconfiguration by remotely isolating faulted sections of a circuit. 

 

 



21 
 

 
 

Figure 2.4 Sensing and real time monitoring of distribution system elements for computer 
assisted calculation and control 
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Figure 2.5 Visualization of the transition from legacy distribution systems to the Smart 
Grid, enabling technologies, and tools 

Note:  taken from [49]  

 

Along with PT and CT readings at nodes along a distribution feeder, or within a distribution 

network, device health monitoring (transformer temperature, conductor temperature, conductor 

sag) and protective device status reporting (breaker, switch and even fuse status) are additional 

sensory data that may lead to improved distribution system reliability. As more advanced tech-

nology (smart appliances), switchable loads, storage elements (PHEV and electric car batteries) 

and distributed generation resources are added to the distributions system, increased sensory ca-

pability on the part of the grid operator is paramount to maximizing the usefulness of each type 

of resource.  
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3. Distribution System Restoration 
 
3.1 The distribution system restoration problem 

Much of the discussion on power system restoration in the literature covers transmission sys-

tem restoration following a major outage.  However, reference [55] provides a comprehensive 

collection of papers, including [56]-[61], on the subject of restoration both at the distribution and 

transmission levels.  As the ‘backbone’ of the electric power infrastructure, transmission system 

restoration is the critical event following a major bulk grid disturbance that must be undertaken 

with expediency and urgency to allow loads to be restored.  Distribution system restoration, on 

the other hand, is concerned with reenergizing loads that have experienced an outage.  The size 

and duration of the outage are critical aspects to distribution system restoration. For example, a 

small, localized outage on a segment of a feeder for a few minutes is simple to reenergize; how-

ever, an entire distribution feeder that has been de-energized for an hour must be restored diffe-

rently as cold-load pickup and inrush currents become problematic for system protection.  The 

distribution system operator and engineers must be aware of and able to restore and operate the 

system accordingly. 

 

References [55]-[62] identify challenges to distribution system restoration.  Outage detection 

and restoration are broken into four basic categories in [62] which include the following: 

• outage detection and location 

• data gathering via customer calls and SCADA systems 

• visual inspection for outage cause verification 

• take action to restore system from an outage. 

Reference [55], part 7 discusses distribution system restoration issues that include, but are not 

limited to, cold load pickup, transformer thermal behavior and optimizing restoration order. Dis-

cussions of restoration methods indicate that a combination of different techniques such as ana-

lytical, heuristic and knowledge-base systems are used to effect restoration.  

 

The distribution system should be designed so that rapid reconfiguration and/or restoration 

are possible. Rapid restoration could have a number of objectives including reduction of the clas-
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sical system average interruption duration and frequency indices as indicated in Section 2.1, or 

the minimization of unserved energy to loads.  The intent in this section is to develop the logic 

for restoring segments of the distribution system after failure or removal of a component in the 

system [36],[49]. 

 

Note that the general concept of restoration is shown in Fig. 3.1.  The sensing of when to re-

store is a continuous process running in real time as shown in Fig. 3.2. 

 

NORMAL

FAILED STATE RESTORE

RECONFIGURE

 
Figure 3.1 An automated restoration and reconfiguration algorithm: general algorithm 

 

3.2 A restoration algorithm for the Smart Grid 
In circuit design applications, it is possible to compare alternative locations of interruption 

devices, switches, sensors, and circuit routing in order to achieve a given objective.  In distribu-

tion design, there are many possible objectives including:  loss mitigation, high reliability of ser-

vice, voltage regulation, operation within component ratings, public acceptance, safety, com-

pliance with standards, and keeping the project within appropriate cost bounds (e.g., satisfying 

cost constraints).  In a subsequent example and discussion, Section 5 illustrates applications of an 

algorithm to ‘seamlessly’ reconfigure the system and restore service.  In both design and opera-

tion applications, possible objectives include: 

• Reducing the system average interruption duration and frequency indices 

• Reducing the energy unserved upon reconfiguration after a fault 

• Restoring as much load as possible after a circuit disturbance. 
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Figure 3.2 An automated restoration and reconfiguration algorithm continuously running 
every ΔT seconds 

 
 
3.3 The application of the binary bus connection matrix:  a table lookup ap-

proach 
Using an algorithm built upon the concept of the binary bus connection matrix, B a system 

status table (SST) can be assembled as depicted in  
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Figure 3.3 where ncb, nb, and n
l
 denote the number of breakers, buses and lines respectively. 

This SST is constructed based on the physical system and binary representation of breaker states, 

bus states, load states and line availability. Breaker states refer to open or closed breakers 

represented by zeros and ones respectively. Similarly bus status, load status and line availability 

are represented by ones when energized/available, and zeros when deenergized/unavailable. Note, 

however, that the number of rows in the table increases as the number of interrupting devices, ncb, 

increases according to the formula . 

 

 
 

Figure 3.3 System status table providing indication of breaker status, buses, lines and loads 
 
 

The restoration of a distribution system based on a table lookup method proceeds as follows: 
• Communicate the status of all circuit breakers and availability of service at load buses.  

Communication of data occurs every ΔT seconds.  Note than ΔT depends on both the ap-

plications for which sampled data are to be used and what data is being sampled.  For ex-

ample, a ΔT of 5 minutes or less allows for switching that can significantly reduce relia-

bility indices according to IEEE Standard 1366 [63]. Note that only interruptions of dura-

tions greater than 5 minutes are considered sustained interruptions when calculating 

SAIDI.  The 5 minute sampling rate is well within contemporary technology, as SCADA 

data are updated every 4 seconds and state estimation at the transmission level runs every 

2-3 minutes [81].  Under more stringent conditions, ΔT may be ½ cycle or 8.3 ms to stay 

within the Computer Business Equipment Manufacturers’ Association (CBEMA) curve 

requirements.  In this case, virtually no momentary interruption event contributes to 

SAIDI and SAIFI indices.  However, a ½ cycle reporting may be impractical because 

GPS time tagging would be difficult, or even impossible using contemporary technology.   

• The system status table in updated as needed every ΔT seconds.  Note that if a line was 

faulted or some distribution system device was unavailable, the corresponding row of the 

system status table would be removed. 
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• If an anomaly is detected, examine all the remaining rows of the system status table.  The 

desired target state lies inside the set of remaining rows.  To select the desired target row, 

apply an optimal operating criterion.  Examples of optimal operating criteria are shown in 

Table 3.1. 

• The restoration algorithm is repeated every ΔT seconds.  This is depicted in Fig. 3.2. 
 
 

Table 3.1 Optimal operating strategies 

Strategy Objective 

Minimum breaker operations Minimize the number of switching operations, to accelerate 
the restoration 

Maximize load restored Restore large loads first, to minimize energy unserved (know-
ledge of load priorities may be needed) 

Minimize unserved energy Examine all permissible switching operations and choose 
those that minimize the unserved energy 

Priority loads first Restore priority loads first, regardless of load level 

 

 

3.4 The role of sensors in distribution system restoration 
To achieve automated restoration, a considerable sensory network is required.  A key re-

quirement for sensors in an automated environment is to remain energized, even during a distur-

bance or an outage.  The sensor must both sense and communicate sensory information to some 

particular processing location where an operator can receive needed information and send com-

mands for corrective control.  

Figure 3.4 depicts the conventional uses for sensors in the distribution system. 

 
Sensory information includes bus voltages, line flow currents, bus injection currents (genera-

tor and load), and even load status (energized or deenergized) are key pieces of information to 

aid the restoration process.  Other important information includes the status (on/off or availa-

ble/unavailable) of switchable and protective equipment such as switches and breakers), and 

communication of fault or disturbance location information. 
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Figure 3.4 presents a typical distribution system with basic sensory information and identifies 

functions that use measured data.  Chapter 4 builds upon this discussion and presents additional 

functions that can be performed with enhanced distribution system sensory data. 

 
The role of sensors in both distribution system restoration and reconfiguration has been dis-

cussed to some extent.  It becomes apparent that enhanced distribution system restoration and 

reconfiguration requires a great deal of additional sensory information that may not be present in 

conventional networks.  However, the benefits that increased sensory ability provides to restora-

tion and reconfiguration creates a system that has far superior visualization (observability) and 

controllability [39][45][47][69][71][73][76].  However, as with much of the literature on restora-

tion, literature on sensors details requirement for networked transmission system sensors more 

exhaustively than distribution system sensors. 

 
Table 3.2 Quantities sensed for distribution system restoration 

 
Sensed quantity Purpose 

Bus voltages • On/off 

Bus injection current 
• On/off 
• Load level before disturbance 
• DG supply before disturbance 

Line flows (real power, reactive pow-
er, current) 

• Compare actual levels to equipment limits 
• Evaluate available paths 

Breaker/switch status • On/off 
• Available/unavailable 

Generation set points (DG) • Evaluate system supply to identify available paths 
• Identify available reactive support sources 

Load operating point before distur-
bance or outage 

• Important in understanding how much load needs 
restoring  

• Important for restoration involving cold-load pickup 
Transformer, conductor or other 
equipment temperatures 

• Detect overloaded or overheated equipment 
• Find conductors that may be sagging excessively 

Transformer pressure • Detect overloaded or overheated transformers 

Fuse status • Reduce restoration and repair times by conclusively 
locating and addressing faulted components 

Lightning arrester and protective de-
vice status 

• Locate and repair protective equipment that failed 
while protecting the circuit 
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Figure 3.4 Conventional distribution system sensors and measurement 
 



30 
 

 

4. Distribution Class State Estimation 

4.1 A distribution class state estimator  
The concept of utilizing measurements to estimate the state of the power system has been 

used extensively at the transmission level. Work in transmission system state estimation dates 

back at least as far as the 1970s with classic papers by Schweppe et al. [41]. Transmission sys-

tem state estimation involves the use of an enormous amount of redundant measurements (real 

and reactive power flows, bus voltages, and bus angles and other quantities) to construct a sys-

tem model, and begin an iterative process to find a least square solution to match measured pa-

rameters to most likely estimates. 

 

Distribution systems have features that make both power flow and potential state estimation 

simulation slightly more complicated than transmission system simulations. For example, distri-

bution systems typically have single phase radial laterals; they are often cited in literature as hav-

ing large imbalance between phases. This power levels flowing through each phase may differ 

significantly, especially when compared to transmission systems. Unlike transmission networks, 

distribution systems are typically operated as radial feeders with manually operated or operator 

controlled (normally open) tie switches at select locations, usually at the end of a radial feed.  

Reference [7] identifies the different requirements for radial distribution power flow studies 

caused by the convergence problems of iterative power flow techniques used on transmission 

system power flow studies.  Distribution power flow studies often utilize a robust ladder iterative 

technique. Reference [44] identifies difficulties with performing state estimation in the distribu-

tion system in a practical manner. Issues identified in much of the literature are summarized in 

reference [44] and include the following: 

• A lack of redundant distribution system measurements (node voltages and line flows), 

• The scale of the distribution compared to the transmission system (distribution needs to 

be modeled in greater detail because of highly distributed loads which equates to many 

potentially tens of thousands of load points), 

• Inherent phase unbalance in distribution system operation (many single phase loads), 

• A lack of redundant paths for reconfiguration, 
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• Simplicity of protection equipment (radial protection – overcurrent relays). 

 

The subsequent discussion identifies how a proposed state estimator can be implemented 

within distribution systems. Note that these applications have not been discussed in much of the 

literature available on distribution state estimation; for example, using a state estimator for fault 

locating; re-dispatching and controlling customer DG to optimize network resources; as an addi-

tional visualization tool for distribution system operators; and to obtain control signals to 

DSM/DSR dispersed within a distribution system. 

 
4.2 Difference between a distribution system state and a transmission system 
state estimator 

 

In this chapter, the transmission system state estimator, based on the method of minimum 

square error, is reformulated to accommodate distribution systems.  The basic differences be-

tween the transmission and distribution estimators are: 

 

Circuit impedances:  in distribution systems, it is common to find resistance to reactance ratios 

(R/X) much greater than in the transmission case.  Because transmission circuits use large gage 

conductors, the resistance of these transmission circuits is usually very low.  The use of high R/X 

does not give problems in the formulation or use of the state estimator matrices. 

 

Three phase circuit detail:  it is unusual to provide or model three phase circuit detail in trans-

mission system state estimation.  That is, the assumption of balanced three phase operation is 

assumed.  This assumption is based on the fact that most transmission circuits are fully trans-

posed and the lower voltage loads are nearly balanced by aggregation of loads.  The assumption 

of balanced systems is equivalent to working entirely with positive sequence signals and trans-

mission circuit models.  In the case of distribution circuits, however, three phase unbalance, al-

though undesirable, is common.  The distribution and transmission circuits have identical posi-

tive and negative sequence equivalent circuits, and therefore the usual positive sequence circuit 

model will suffice in the distribution system analysis.  The zero sequence circuit model is not 

usually accounted in transmission system state estimation, but this must be modeled in the distri-

bution case.  The impact of this is that three state estimations must be done with two state esti-
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mation equivalent impedance diagrams.  The three cases studied are the positive, negative and 

zero sequence cases which are excited by the three sequences in the load currents (and powers).  

The two equivalent circuit models are the positive sequence (the same as the negative sequence) 

and the zero sequence.  The impact of this complication is that the state estimator takes longer 

(three separate estimates) and requires more input data (three phase detail).  This point is revi-

sited in a dedicated section at the end of this chapter. 

 

Appearance of laterals:  In distribution circuits, lateral circuits are often used to take power from 

a main three phase feeder.  These laterals may be single phase or three phase.  Therefore, three 

phase detail is generally needed for modeling these laterals.  

 

4.3 Proposed uses of a distribution class state estimator 
 

Recognizing the increasing popularity and anticipated increases in the use of synchronized 

phasor measurements in the power system, applications of synchrophasor measurements to dis-

tribution systems and state estimation is explained as follows. DSR, DSM, smart appliances, 

PHEVs and other responsive loads require control signals to effectuate some response; for ex-

ample, DSR, DSM and appliances may switch to a ‘reduced demand’ mode of operation when 

directed by some control signal. The presence of localized DG (especially renewable forms like 

wind and solar) creates problematic operating and control issues for utilities used to operating 

with a single utility source [52]. Automated switching devices are also increasingly being added 

to distribution systems, especially as part of a microgrid or smart grid configuration.  

 

The previously described technologies have one thing in common: they all require the in-

creased use of sensory signals and communication of additional information that conventional 

distribution systems are not designed to handle. The transfer of this sensory information is essen-

tial to accomplish goals such as optimizing the use of DG, or ensuring DSM and DSR are operat-

ing as intended. It is very likely that the future distribution system incorporates the ability to per-

form rapid optimization and rescheduling of generation with control of distributed resources, mi-

nimization of losses and management of customer loads [72]-[73]. The use of sensors with time-
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synchronization ability is already expected to revolutionize transmission monitoring and system 

state estimation [45],[74]-[76].  

 

Phasor measurements within a distribution network are recognized to have many potential 

advantages. With the increased ability to know system states exactly (via dispersed phasor mea-

surements) comes the ability to visualize, control, and optimize the use of resources within the 

distribution system. As a simple example, capacitor bank switching can be optimized based on 

measured voltages to produce desired feeder voltage profiles depending on actual system condi-

tions instead of time-of-day switching. DG, DSM and DSR technologies can be responsive to 

price signals, or to physical system conditions (i.e. shed or increase load to effect system voltag-

es, or modify power flow in lines by controlling DG set points). Another example identifies ex-

pansion of system capability; that is, portions of the IEEE standard 1547 for interconnecting dis-

tributed generation with electric power systems may change significantly if the distribution sys-

tem can automatically locate and isolate faulted sections and reconfigure to establish self sustain-

ing islands with the DG as primary source until normal operation can be restored.  

 

With the synchrophasor measurement device capability to measure within the sub-second 

range, fault locating by obtaining actual measured values of system voltages and currents within 

the distribution system is possible. Also, increased levels of system visualization become possi-

ble; for example, operators can see actual bus voltages and line flows, and compare these values 

to system limits. Knowledge of actual bus voltages, bus current injections and line flows allows 

operators to push the distribution system closer to its limits, allowing for less conservative design 

requirements.  

 

4.4 The state estimation formulation 
The state estimation process uses measured data, such as voltage, current and line flows at 

particular locations, to find estimates of voltages, injection currents, line currents and other pa-

rameters in areas where no measurement devices exist. State estimation can be used to enable 

control functions in a number of scenarios.  For example, estimated line flows and bus voltages 

can be compared to device ratings to enable switching to prevent component overloads; state es-

timation may be used to reconfigure a network to maximize usefulness of installed DG; state es-
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timation may be used to control DSM or DSR technology; data may be used for real-time updat-

ing and verification of load models; or fast state estimation may even be used in fault location 

and isolation. Based on parameter estimates, reconfiguration, generation rescheduling, control of 

DG if present, control of DSM technologies if present, adjustment of set points on adjustable 

loads (like air conditioners and pumps), reactive power control such as capacitor switching and 

updating of load models becomes an option. Other useful applications of state estimation at the 

distribution level include topology estimation, possible fault locating (and reconfiguration) and 

the proposed data verification for transmission level state estimators — a supplement. It is possi-

ble that the distribution system state estimator may serve as an error checking tool for the trans-

mission system state estimator at the substation interface. 

 

The process of state estimation involves the use of measurements along with a mathematical 

system representation to obtain least squares estimates of system parameters. Typically, the mea-

surements that are taken in the power system include bus voltages and line real and reactive 

power flows. Quite often, state estimation uses a large number of measurements to provide di-

versity and increase the probability of a meaningful set of parameter estimates. At a given oper-

ating point, the relationship of measurements to parameters is given by (4.1), 

, (4.1) 

where z and  are vectors of measurements and measurement errors respectively, x is the vector 

of system parameters (bus voltages, bus angles, line flows), and h is a vector valued function that 

relates system parameters to its corresponding measurements.  The typical power system state 

estimation problem presents itself as an overdetermined system where there are many more mea-

surements than system equations.  

 

 Estimation of parameters is accomplished through the minimization of the 2-norm of the vec-

tor of residuals denoted by r.  Essentially, the least squares state estimation problem minimizes a 

real valued vector, r according to (4.2) and (4.3) [40]-[41], 

. (4.2) 

0)( =
∂
∂ rr
x

t  (4.3) 
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The case of r as a complex vector will be discussed subsequently. 

 

 As previously indicated, power system state estimators utilize a large number of measure-

ments to perform parameter estimations. Mathematically, systems containing more measure-

ments than states are referred to as overdetermined systems. The best-fit estimated solution to 

(4.1), given by , for an overdetermined system of equations is given by (4.4) where h+ denotes 

the Moore-Penrose pseudo-inverse,  

. (4.4) 

Note that in conventional transmission system state estimation, the state vector denoted  is 

a real valued vector with magnitude and phase information partitioned into subvectors. The sub-

sequent discussion on a distribution class state estimator utilizing complex synchronized phasor 

measurements addresses the complex mathematical formulation of state estimation equations. 

 

4.5 A distribution class state estimator utilizing synchronized phasor mea-

surements  
Most (if not all) traditional power transmission class state estimation entails the use of vol-

tage magnitude, current magnitude, and active and reactive power measurements.  These mea-

surements are used as data inputs to a state estimator which has the capability of estimating mag-

nitude and angles of phasor quantities.  However, the advent of synchrophasor measurements 

(e.g., PMUs) suggests that full phasor measurement is possible and possibly favored.  Note that 

in the case where real and reactive components of line voltage and currents obtained from syn-

chronized phasor measurement devices are used as measurements, the formulation in the fore-

going section needs to be modified to accommodate complex measurements. For a positive se-

quence set of measurements, real and imaginary component of bus voltages, bus injection cur-

rents and line currents can be obtained.  For complex measurements, the equations within the h 

matrix, measurements in the z and η vectors, and state vector are also complex. Consequently, 

h = hr+hi, 

z = zr + zi, 

x = xr+xi. 
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Heydt discusses this case in [61].  Each matrix or vector can be partitioned into real and imagi-

nary subsets denoted by the subscripts r and i respectively. To accomplish the minimization of 

equation (4.3) for a complex vector, r = rr + ri, the partial derivatives of the system of equations 

with respect to real and then imaginary variables must take place simultaneously. When the n, x 

and z vectors and h matrix are complex, the resultant r vector minimization given in (4.3) re-

quires complex conjugation followed by transposition for the equation to be minimized (4.5). 

The Hermitian operation is a transposition, followed by complex conjugation. The minimization 

of the recast expression of (4.2) and (4.3) are given by (4.5) and (4.6) respectively for a complex 

system of equations. The formulation of the solution of such a set of equations follows (4.5) and 

(4.6); where the superscript H identifies the Hermitian operation [22],[33],  

.)()( 22
iirriiriirrr

H xhxhzxhxhzrr ηη +−−+++−=  (4.5) 

          . 
(4.6) 

In commercially available software programs such as Matlab, the Moore-Penrose pseudoin-

verse function correctly computes the pseudo-inverse of a matrix entered in complex form, pro-

vided that data are modified to fit program calculation requirements. The solution to the estima-

tion of state variables, , is presented in full complex form in (4.7), 

Note than r and i are independent of each other.  Estimation of negative and zero sequence pa-

rameters follows the same formulation previously described. Phasor measurement devices are 

capable of measuring positive, negative, and zero sequence values, as well as neutral currents. 

 

Note that the 2-norm minimization of r means that (4.7) can be solved using (4.4), since the 

case of hHh is non-singular and has a pseudoinverse.  

 

4.6 Condition number and state estimation 
To assess the accuracy of solutions to the state estimation problem, certain concepts in linear 

system and matrix theory must be introduced.  References [64]-[67] present matrix theory as ap-

plied within the fields of linear algebra and numerical analysis. References [40]-[42] detail the 

 
(4.7) 
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application of norms, condition numbers and numerical analysis techniques within the realm of 

traditional power system state estimation. The following discusses vector and matrix norms, ma-

trix condition number, and emphasizes their importance in the state estimation solution.  The ap-

plication shown below focuses on the proposed distribution state estimator.  

 

The norm of a vector is a scalar that essentially measures the ‘length’ or magnitude in some 

space; that is, norms function as a measure of distance between two vectors in the same fashion 

that absolute value measures the length of a line. [64]-[68].  Norms must meet the three criteria 

of positivity, homogeneity, and triangular inequality (as explicitly detailed in either reference).  

The most frequently cited vector norm is the Holder norm given by (4.8), where ||x||p is referred 

to as the p-norm.  Note that when p in (4.8) is equal to 2, this is the Euclidian norm.  In power 

system applications, complex voltage and current phasors are often represented in polar form as 

a magnitude and associated angle;  note that this polar form magnitude is the Euclidian norm of 

the voltage or current phasor given in rectangular form, 

 

n = number of elements in the vector 

 xi = the ith element in the vector  

p = 1, 2, 3, … ∞. 

 

(4.8) 

The most frequently applied norms assume values for p = 1, 2 and ∞.  Formulae to compute 

these frequently used norms are presented in (4.9 – 4.11),  

1-norm  (4.9) 

2-norm or Euclidian length  (4.10) 

Infinite norm  (4.11) 

 



38 
 

Vector norms could be used to evaluate the difference between a calculated solution, , and 

an exact solution for x if an exact solution were known (unlikely).  The error is given by 

The basis of state estimation is the minimization of the norm of Ax-b.  If for a given 

matrix, A, there exists a nonzero vector, x, for which Ax = λx, then the number λ, is an eigenvalue 

of A, and x is an eigenvector of A associated with λ.  The collection of all individual eigenvalues 

of A is known as the spectrum of A. The spectral radius of A is the maximum value contained 

within the spectrum of A.  Reference [64] identifies a critical shortcoming of using the spectral 

radius to measure the size of a matrix:  this shortcoming occurs when two matrices, A and B, 

have spectral radius , as this condition violates the triangle inequality. 

(The triangle inequality is one criterion that must be met for a parameter to be considered a norm 

[64]-[67]). 

 

As with vector norms, the 1, 2 and infinite norms can be found for matrices.  Equations (4.12 

– 4.14) provide details of calculation for each of these norms, 

1-norm 
 

(4.12) 

2-norm or Euclidian length  (4.13) 

Infinite norm 
 

(4.14) 

The condition number of a matrix is calculated via 

 (4.15) 

As summarized from [40], [64]-[67] the condition number provides a measure of how small 

perturbations in the right-hand-side of Ax = b become ‘magnified’ in the calculated solution of x.  

In the conventional state estimation problem, A indicated above is hTh.  That is, the hTh matrix is 

nearly singular in some cases.  Three situations cited for causing ill-conditioned systems are 

identified:  large weighting factors to certain measurements, short and long lines connected to the 

same bus, and a large number of bus-injection measurements.  In the state estimation formulation, 

it is expedient to examine the condition number of hTh which is obviously square and symmetric.  
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The condition number of this formulation can be calculated exactly by the ratio of the maximum 

to minimum singular values of hTh,  

. (4.16) 

Note that singular values are always non-negative real numbers.   As identified in [40], the for-

mulation of the conventional power system (transmission) state estimation problem is naturally 

ill-conditioned. 

 

In power system state estimation, the condition number effectively gives the sensitivity of the 

solution to noise in the measurements.  When the condition number is very large, there is a high 

sensitivity to noise.  In the traditional power engineering application, the condition number 

should be fall less than 1012 [80]. 

 

The foregoing discussion of condition number in general, and in the traditional power engi-

neering state estimator cases may be recast into the proposed distribution state estimator, 

 
(4.17) 

The recast expression replaces h in (4.16) by  

.  

The condition number of h is given by 

. (4.18) 

 

Note that in (4.18), all elements in the argument of the condition number calculation are real, and 

the argument is a square matrix. 

 

The condition number for the distribution state estimator shall be revisited in connection with 

illustrative examples in Chapter 5.  It provides a reasonable estimate of the sensitivity of the state 

estimation formulation to measurement noise and system model error.  A further discussion of 

conditioning is provided in Appendix I. 



40 
 

 

4.7 The gain matrix in state estimation 
In the state estimation formulation, there typically exists a gain matrix that provides weights 

for measurements according to some pre-defined methodology. Measurement device accuracy, 

measurement type and virtual measurements are examples of parameters that are used to weight 

measurements.  The gain matrix, G, is constructed according to (4.19), where R is a diagonal ma-

trix with diagonals corresponding to inverses of measurement variance, and hmeas represents the 

subset of the h matrix relating system measurements to the state variables, 

. (4.19) 

Further discussion of the weighting estimates and the gain matrix can be found in [40], [42] and 

[48]. 

 
4.8 Additional details:  implications of Cauchy Riemann theory and utilization 
of synchrophasor measurements 
 

In this section, two additional complications are raised and discussed for the distribution 

class state estimator.  These are: 

• Implications of Cauchy Riemann theory as it pertains to the calculation of a derivative of 

a complex quantity with respect to a complex variable 

• The use of all synchrophasor measurements as discussed in the previous sections. 

 

To again review the basic state estimation formulation mathematically, the measurements 

are arranged in a vector z and related to the system states x by the vector valued function (of vec-

tor valued argument) h, 

h(x) = z + η (4.20) 

where η is a vector of measurement error.  If h(x) is linearized about an expected operating point, 

one obtains 

hx = z + η. (4.21) 

Note that in (4.21), x, z, and η are real valued vectors, and h, is a real valued matrix.  Eq. (4.21) is 

the basis of unbiased linear state estimation as applied in power engineering.   
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In the usual formulation of (4.20) – (4.21), one minimizes the square of the 2-norm of the real 

valued vector r, namely rtr.  Then 

0)( =
∂
∂ rr
x

t  (4.22) 

solving for x yields 

 (4.23) 

where h+ refers to the pseudoinverse of the real valued matrix h and the notation  refers to the 

estimate of x.  This is the unbiased, least squares estimator.   

 In the distribution system application, it is proposed that relatively low cost synchronous 

measurements will be used, and the data shall be represented in complex, phasor form.  In this 

application, positive sequence voltage and current measurements are envisioned.  The negative 

and zero sequence formulations follow the positive sequence formulation indicated here.  In the 

positive sequence, measurements z become zr + jzi, the states x become xr +jxi, and the process 

matrix h becomes hr+jhi.  Note that differentiation with respect to a complex variable is general-

ly nonanalytic, and therefore (4.22) must be rewritten, 

.)()( 22
iirriiriirrr

H xhxhzxhxhzrr ηη +−−+++−=   

The notation (.)H refers to the Hermitian operation which is transposition followed by complex 

conjugation, and the subscripts r and i refer to real and imaginary components.  The minimiza-

tion of rHr entails the simultaneous solution of  

00 =
∂
∂

=
∂
∂ rr

x
rr

x
H

i

H

r

 

Note that xr and xi are independent variables.  In matrix form, 
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The estimator is therefore  

 
 

(4.24) 

Note that the noise term is generally an unknown quantity that is impacted by measurement de-

vice error, data transmission and other measurement errors. 
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Eq. (4.24) uses the pseudoinverse of a real valued matrix.  However, in this application, a 

simpler form than that in (4.24) is possible:  in software calculations of the pseudoinverse, for the 

case that the matrix hHh is nonsingular, the pseudoinverse of a complex rectangular matrix h is 

(hHh)-1hH .  That is, the left and right hand sides of (4.24) in the top partitioned rows are made 

equal in the minimum square sense simultaneously to the same minimization in the bottom rows.  

For the present application, since the 2-norm of r is minimized, (4.24) is equivalent to simply  

 (4.25) 

with complex valued , h, and z.  Note that there is considerable caution required to expand 

(4.25) to the complex case:  since (4.25) is obtained by the differentiation with respect to x, the 

Cauchy-Riemann conditions would need to apply in order for the differentiation to be valid,  

 
 

 

where Re(.) and Im(.) refer to the real part and imaginary part of a complex quantity.  In this case, 

however, to demonstrate the validity of the approach we separate vector x into its real and imagi-

nary parts xr and xi, thus avoiding differentiation with respect to a complex quantity. 

 

Eq. (4.25), or a weighted equivalent, is the form proposed for a complex, linear, distribution 

class estimator. A straightforward approach to weighting (biasing) the estimator is to replace r 

with Wr in (4.25).  In the complex algebra formulation shown here, the weights W = diag(wi),  

could be complex to effectuate different weight to the real and imaginary parts of the corres-

ponding measurements.  If a maximum likelihood estimate is calculated, then W will be the in-

verse of the covariance matrix of the complex valued vector of measurement noise.  All cova-

riance matrices are Hermitian and positive semidefinite, and as a consequence, W-1 is also Her-

mitian ((W-1)H=W-1) and positive semidefinite.  The diagonal entries of W are purely real.   

 

Utilizing measurements in full phasor detail allows linear representation of the distribution sys-

tem given by the conventional I = YV equations, where I is the vector of current injections, Y is 

the bus admittance matrix and V is the vector of bus voltages.  The quantities Y, V and I are all 
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complex valued. The process matrix may take a variety of forms depending on the system model 

used (equivalent or full system models), measurement type and desired state estimates.  A distri-

bution class estimator model as detailed from (4.20 – 4.25) may be constructed based on a full 

distribution system model with sets of corresponding bus voltage, injection current and line flow 

current measurements, 

 

 
 

 

 

 

                                                          
where 

U = identity matrix 

hLM = coefficient matrix for line flow measurements 

Vmeas= bus voltage measurement vector 

Imeas= bus injection current measurement vector 

Iline= line flow measurement vector 

Ybus= system bus admittance matrix. 

 

Note that bus voltage, bus injection current and line flow measurement vectors have dimen-

sion 2n where n is the number of actual measurements since each measurement is partitioned in-

to its real and imaginary parts.  As in a power flow study, one bus voltage is selected as a refer-

ence phasor, and therefore the imaginary part of the reference bus voltage is zero.  

 

Fig. 4.1 shows the general configuration of the distribution class estimator. 
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Figure 4.1 General configuration of a distribution class estimator 

 
 
4.9 Three phase detail 
 

As indicated above, a salient difference between transmission system state estimation and dis-

tribution system estimation is the appearance of unbalanced voltages and currents in the distribu-

tion application.  This is mainly due to unbalanced loads and the appearance of single phase 

loads and single phase laterals.  The formulation of the state estimation problem becomes the so-

lution of three cases in the distribution application, corresponding to positive, negative, and zero 

sequences.  Because the positive and negative sequence equivalent circuits are identical, the H 
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matrix need be formed only once for these circuits.  The zero sequence equivalent circuit is dif-

ferent, however.  Measurements must be taken in all three sequences.   

Fig. 4.2 shows a process flow chart for the three phase state estimator.  In Fig. 4.2, subfigure (a) 

shows the state estimation process in the balanced, single line equivalent case - -this is suitable 

for transmission engineering.  Subfigure (b) shows the distribution application in which three 

phase detail is represented in terms of symmetrical components. 
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Figure 4.2  State estimators:  (a) for transmission systems and (b) for distribution systems 
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5. Illustrations of Smart Grid Applications in Distribution System Reliability 
Enhancement and Restoration 

5.1 Test cases 
In this chapter, several test cases are produced to illustrate the several algorithms described 

earlier.  For this purpose, two test beds are produced:  one was created simply to illustrate the 

effect of networking; and the other was taken from the literature as a standard test bed.  The for-

mer is denominated as the RYG test bed and this is described in this chapter.  The latter is deno-

minated as the RBTS and this too is described in this chapter. Standardized test beds provide a 

platform upon which comparative studies can be conducted, and where calculation results of dif-

ferent alternative methods or designs (i.e. to different reliability designs or switching strategies) 

can be obtained. Table 5.1 identifies four examples illustrating the algorithms detailed in each of 

the previous sections.  

 
Table 5.1 Four examples using test beds RYG and RBTS 

 
 RYG Test Bed RBTS Test Bed 

Binary bus connection algorithm Example 1 Example 2 

Reliability enhancement algorithm  Example 3 

Distribution class state estimator  Example 4 

 
 
5.2 The RYG test case 

The first test system shown in Figure 5.1 is called the RYG test system. This system was 

used in reference [36] in both a reconfiguration-restoration algorithm and an interrupting device 

placement algorithm. These applications highlight two distinct areas of distribution engineering: 

operations and design. Operations applications include circuit switching strategies, reactive pow-

er dispatch and reconfiguration and restoration after a disturbance. Design applications include 

system expansion plans, upgrade of existing system assets to improve performance, and long 

term analysis of system reliability.  
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Table 5.2 contains the bus data for the RYG test system while Table 5.3 contains all relevant 

line information.  

 
Figure 5.1 One line diagram of the RYG distribution system used in the restoration exam-

ple 

 

5.3 The RBTS test system 
As previously mentioned, standardized test beds are useful in calculating reliability indices 

and in evaluating the reliability of systems that have been seen before and ‘solved’ before (e.g., a 

restoration plan has been calculated in the open literature).  Reference [20] presents a realistic 

power system test bed, complete with generation, transmission and distribution along with sys-

tem reliability analysis and data. This test system is denominated as the RBTS system. Note that 

RBTS stands for the Roy Billinton Test System after its author. As indicated by the authors of 

reference [20], the distribution system is the most significant part of the integrated power system 

that negatively impacts system reliability indices (SAIDI and SAIFI).  Therefore, distribution 
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systems are the most appropriate location to realize system reliability improvement. References 

[18] further elaborate on measures of distribution system reliability.   

 

 

Table 5.2 Bus load information for the RYG test system 
 

Bus No. P (MW) Q (MVAr) Circuit 
1 Source - Red 
2 0 -0.5 Red 
3 2 1 Red 
4 2 2 Red 
5 1 0.4 Red 
6 Source - Yellow 
7 0.5 0 Yellow 
8 0.5 0.5 Yellow 
9 0 -0.5 Red 
10 0.1 0.5 Red 
11 0.5 0 Green 
12 0.5 0.5 Yellow 
13 0.5 0.5 Green 
14 0.2 0 Red 
15 0 -0.5 Green 
16 0.2 0 Green 
17 Source - Green 
18 0 0 Green 
19 1 0.5 Green 

Total Demand 9 4.4 - 

  

 

 
The following are for copper conductor at 60 Hz: 
Red – 2/0; GMR, 5.01252 in. 
Yellow – No. 2 AWG; GMR, 5.00883 in. 
Green – No. 2 AWG; GMR, 5.0093 in. 
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Table 5.3 Line data for the RYG test system 

 

Line No. From Bus To Bus Length (km) 

1 1 2 0.71 
2 2 3 0.50 
3 3 4 0.50 
4 3 8 0.50 
5 4 5 0.50 
6 4 9 0.50 
7 6 7 0.50 
8 7 8 0.50 
9 7 12 0.50 
10 8 13 0.50 
11 9 10 0.50 
12 9 13 0.71 
13 9 14 0.50 
14 11 15 0.56 
15 13 15 1.00 
16 14 16 0.50 
17 15 18 0.50 
18 16 19 1.00 
19 17 18 2.00 
20 18 19 1.50 

 

References [20],[24] provide the line and bus data details of the test bed used. The RBTS is a 

six bus test system with five load buses, eleven generators, nine transmission lines, 240 MW of 

installed capacity and a peak load of 185 MW. The system also has voltages at the 230 kV, 138 

kV, 33 kV, 11 kV and 4 kV. The system is sufficiently small that it can be studied and analyzed 

in detail but sufficiently large to be considered non-trivial [20].  

 

The largest distribution subnetwork in the RBTS is load bus 3; it has peak total load of 85 

MW, average load of 52.63 MW, industrial, large user, office buildings, residential and commer-

cial customers. Figure 5.2 shows the one line diagram of load bus 3. The one line diagram of the 

overall system may be found in reference [20]. The RBTS is used for evaluating the performance 

of incorporating automated, remotely operated electronic switches and the corresponding in-

crease in reliability.  A system incorporating electronic switching is consistent with the goals of a 

Smart Grid.  



51 
 

 
Figure 5.2 RBTS test bed with one line diagram of load bus 3 

Redrawn from [20] 

44 
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5.4 The application of the binary bus connection matrix 
The SST matrix can be constructed based on the physical system and binary representation of 

breaker states, bus states, load states and line availability.  Breaker states refer to open or closed 

breakers represented by zeros and ones respectively. Similarly bus status, load status and line 

availability are represented by ones when energized/available, and zeros when deener-

gized/unavailable. Note, however, that the number of rows in the table increases as the number 

of interrupting devices, denoted by ncb, increases according to the formula 2ncb. 

 

Breakers here refer to any device capable of interrupting the circuit; however, they may be 

remotely controlled solid state switches or other devices, not only conventional breakers or rec-

losers. This system status table allows an operator to have some indication as to the state of the 

system. Also, visualization tools can be constructed based on such a system and may be moni-

tored in real-time. 

 

5.5 Example 1: Illustration of the binary bus connection matrix algorithm to 

the RYG test system 
The following example uses the system presented in Figure 5.1 to illustrate an application in 

circuit design. Real-time monitoring of the distribution system and the B matrix based algorithm 

to trace circuit connectivity as identified in Figure 2.3, 3.1 and 3.2 is used. The objective of the 

study is to maximize the load restored, and minimize unserved energy following fault isolation. 

Practical applications of this example may utilize a centralized controller that monitors the dis-

tribution system in real time and optimizes automated circuit reconfiguration to meet preselected 

criteria. 

 

To illustrate a circuit design application, tie switches were assumed to have remote operation 

ability, like a solid state switch or breaker. Additional breakers (or switches) were added, one at 

a time, at various locations in the test system. Adding interrupting devices changes the entries in 

the B matrix. Assuming that the probability of a fault is directly correlated to the line length (i.e. 

longer lines are expected to experience faults more frequently), pseudorandom fault locations 

were simulated on the distribution feeders. This method is similar to the use of Monte Carlo si-

mulation for evaluating power system reliability [50]. Circuit connectivity is assessed following 



53 
 

the locating of this pseudo-random fault occurrence. The ability of the circuit to reconfigure and 

restore load while isolating the faulted subsystem is assessed through the tracing of connectivity 

using the B matrix as identified in Section 2.3. The additional breaker is then located such that 

the expectation of unserved energy after fault isolation is minimal. Once this simulation is com-

plete, another breaker is added to the system. 

 

The next breaker is added in the system on a line that does not already have a breaker (or 

switch) and the simulation is repeated as the distribution system is stressed by faults. An optimal 

breaker location allows isolation of faulted lines that have the greatest impact on expectation of 

unserved energy following reconfiguration after fault isolation. The result obtained is suboptimal 

for the following reasons: first, the bus loads are assumed to be fixed; power flow limitations are 

not considered; and the location of n circuit breakers in m lines can occur according to the bi-

nomial coefficient equation as follows,  

 

 . 

 
Using this equation, there are 1820 ways for which 4 breakers can be placed in 16 lines on this 

system. Only a small subset of the entire solution set is simulated since for each breaker added to 

the system, a minimum expectation of unserved energy is obtained. 

 

In this example, the sub-optimal locations to add 4 additional breakers were found to be lines 

2, 3, 6, 17. According to simulation results for this sub-optimal set of breaker locations and the 

ability to reconfigure the system under a given fault condition, it is expected that a load of 9 + 

j4.9 MVA can be restored. Figure 5.3 shows how the expectation of unserved energy decreases 

as the number of interrupting devices increases. Unserved load refers to the average load that 

cannot be restored after 5000 pseudorandomly simulated faults on the system are isolated by cir-

cuit reconfiguration. 

 

For each available breaker combination, the B matrix algorithm is used to find the total load 

connected to the substation buses. Once the fault has been isolated, the status of breakers is es-
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tablished. Note that there are  possible breaker configurations (where ncb is the number of 

breakers and m denotes breakers that must remain open to isolate faulted sections) allowable; 

there are  remaining configuration states in the SST. An optimum solution selected as the 

resulting breaker combination that provides for the maximum load to be restored after the fault is 

isolated by circuit reconfiguration. This is the target ‘optimum’ operating state shown in Figure 

5.4 

 
Figure 5.3 Example 1: Expectation of unserved energy versus number of interruption de-

vices 
 

In an illustrative example, faults are once again pseudorandomly located on the system of Fig. 

5.2 to test the performance of the algorithm. With every simulation, a feasible state is found, and 

at least one solution provides a maximum value for load served. Most often, there are multiple 

solutions (multiple rows in the SST) that correspond to the same value for maximum load res-

tored; a prioritization method may be chosen so minimum switching operations are performed. 

As a quick example, a permanent fault occurring in line 17 requires opening of breakers in lines 

17, and 18.  Note that there are 28-2 = 64 possible breaker configurations available since 2 of the 

8 breakers have been locked out. Only a small subset of these possible configurations, however, 
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will allow the maximum load identified to remain energized. One possible breaker configuration 

that allows maximum load to be restored after this fault isolation is given by the following: 

• close breaker T2 

• open breakers in lines 17 and 18 (T3). 

Under the stated conditions, a total load of 8 + j3.9 MVA is restored. Only buses 18 and 19 with 

their connected load see an outage. 
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Figure 5.4 Automated monitoring of system connectivity in real-time 
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5.6 Example 2: illustration of the binary bus connection matrix algorithm to 

the RBTS test system 
For the application of the B matrix to the RBTS test bed, the previous approach of including 

interrupting devices one at a time was determined to be impractical. Instead, cases were devel-

oped to assess the performance of contemporary source breaker and normally open tie switches, 

partial networking, and fully networked (parallel feeders only) distribution systems.  Along with 

the placement of interrupting devices, manual switching versus automation is also studied. Seven 

cases were examined for the RBTS test bed. The 7 cases are described as follows: 

1. No switches on lateral buses; only source isolation breakers and normally open tie switch-

es are present. 

2. One switch per feeder, located at the ‘midpoint’, manually switched. 

3. One switch per feeder, located at the ‘midpoint’, automatically switched. 

4. One switch per lateral bus. Manually switched. 

5. One switch per lateral bus. Automatically switched. 

6. Two switches per lateral bus. Manually switched. 

7. Two switches per lateral bus. Automatically switched. 

For each of the cases presented, note that there is a manual switching and automated switching 

comparison for each switching configuration (conventional, partial and fully networked). Note 

also that cases 6 and 7 serve as the comparative examples for Example 3 in Section 5.7 of this 

report. 
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Figure 5.5  Example 2: Expectation of unserved energy versus number of interruption de-

vices 
 

 
Figure 5.6 Example 2: SAIDI versus number of interruption devices 
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5.7 Example 3: Application of a r eliability enhancement algorithm to the 

RBTS test system 
A fully automated, rapidly restorative system may follow algorithms similar to those identi-

fied in Fig. 5.5 where real time sensory monitoring and analysis of the distribution network takes 

place. It is important in many automated systems that controls exist such that an operator may 

assume control of the distribution system. For example, maintenance work or construction may 

require that automated system reconfiguration or restoration be disengaged for the safety of utili-

ty personnel or construction workers. 

 

The RBTS system of Figure 5.2 depicts the distribution network of bus 3 with 44 load buses, 

77 line segments, switches and normally open points. Manually operated isolation switches are 

replaced with remotely controlled switches in selected locations. The algorithm identified by Fig. 

5.5 and the binary bus connectivity matrix may be used for a comparative evaluation of contem-

porary methods of circuit reconfiguration for restoration versus automated switching. This ex-

ample assumes FDIR systems operate in an ideal manner; switching times for automated restora-

tion and system reconfiguration scenarios are drastically reduced. Failure probability and fre-

quency of events are held constant for comparison purposes. The results obtained show that av-

erage repair times, annual unavailability and expectation of unserved energy can be reduced.   

 

Table 5.4 presents load point reliability indices of the base case situation presented in refer-

ence [20]. Table 5.5 presents results of an automated, ‘smart’ distribution system. As indicated, λ 

values for each load point are the same in each case, but all other indices are reduced with auto-

mation. 

 

Both Table 5.4 and 5.5 present failure rate (λ), repair time (r), annual unavailability (U) and 

expectation of unserved energy (E).  Table 5.4 data is presented in reference [20] and serves as 

the benchmark by which ‘upgrades’ to the distribution system depicted in Figure 5.2 can be 

compared.  With the assumption that all switches in all feeders can be made remotely controlla-

ble and automated to switch within a 5 second time frame, the resulting reliability improvements 

to the system were calculated. These calculated improvements in load point (bus) reliability in-

dices identified in [20] and system wide reliability indices are presented in  
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5.8 Example 4: Application of the state estimator algorithm to the RBTS test 

system  
As discussed earlier, a distribution class state estimator utilizing full phasor voltage and cur-

rent measurements is possible.  In this example, the measurements used in the state estimator are 

assumed to be synchronized; that is, a reference phasor exists and that reference phasor is the 

reference for all measurements. 

 

Note that SAIDI falls by almost 7.0 %, while SAIFI remains the same; that is, with the same 

anticipated number of events, the duration of events can be drastically reduced by automated re-

configuration. Note also that the total expectation of unserved energy reduces by 14.3%. Refer-

ence [49] goes on to estimate costs of reliability improvement by using historical price informa-

tion and categorizing loads according to size and type. Note that all load size, classification and 

other pertinent data are provided in references [19]-[21],[24],[49]. 

 

It should be noted here that further networking of the primary distribution system, and espe-

cially of the secondary distribution system, can produce far greater reductions in r, U, E, and 

SAIDI, as reliability increases when the number of redundant paths increase [31],[31]. 

 
Table 5.4 Base case reliability indices for Bus 3 

 
Load Point λ (f/y) r (h) U (h/y) E (MWh/y) 

1 0.3010 11.4352 3.4420 1.6122 
3 0.3140 11.1688 3.5070 1.0121 
8 0.2210 1.9412 0.4290 0.3634 
27 0.3205 10.9626 3.5135 1.9957 
41 0.1885 1.8276 0.3445 2.5319 
44 0.2015 1.7742 0.3575 1.5689 

Total†  66.68 
SAIDI 3.4726 
SAIFI 0.3028 

*The data in the table are taken directly from [20] and they do not entail the use of any electronic 
switching devices. The notation f/y refers to failures per year. 
† The total energy unserved is summed over all 44 load points 
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5.8 Example 4: Application of the state estimator algorithm to the RBTS test 

system  
As discussed in Section 0, a distribution class state estimator utilizing full phasor voltage and 

current measurements is possible.  In this example, the measurements used in the state estimator 

are assumed to be synchronized; that is, a reference phasor exists and that reference phasor is the 

reference for all measurements. 

 
Table 5.5 Reliability indices for Bus 3 with electronic switching 

 
Load Point λ (f/y) r (h) U (h/y) E (MWh/y) 

1 0.3010 10.6146 3.1950 1.4965 
3 0.3140 10.3822 3.2600 0.9408 
8 0.2210 1.1765 0.2600 0.2203 
27 0.3205 10.1716 3.2600 1.8517 
41 0.1885 1.0345 0.1950 1.4332 
44 0.2015 0.9678 0.1950 0.8558 

Total†  57.14 
SAIDI 3.2322 
SAIFI 0.3028 

 
*The data in the table reflect system performance with electronic devices inserted in every branch.  Note 
the improvement over data shown in [20] (which are tabulated in Table II). 
† The total energy unserved is summed over all 44 load points 
 
 

Synchronized measurements are possible using phasor measurement units. The formulation 

for a distribution class state estimator will be illustrated subsequently.  This illustrative example 

is built as follows and is outlined in Figure 5.7:   

• First the RBTS system as shown in Figure 5.2 is simulated using some power flow software 

package. 

• The system model is constructed in Matlab.  The Matlab model performs the state estimation 

calculations as well as other relevant calculations to gauge the adequacy of the calculated so-

lution. 

• The output of the power flow simulation includes bus voltage magnitudes, bus angles, line 

current flows, real and reactive power drawn at load buses, and real and reactive power sup-

plied at source buses.  The power flow solutions are fed directly into the Matlab state estima-
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tion algorithm.  Note that the power flow study solution shown in Fig. 5.7 is used to obtain 

the ‘exact solution’ which would normally be unavailable in practice.  The state estimator 

then uses measurements taken from this exact answer and attempts to identify (estimate) the 

states.  In this way, the performance of the estimator can be assessed. 

• Usually measurements are contaminated with error (e.g., noise), and this case shall be dis-

cussed below. 

 

 
Figure 5.7 Distribution class state estimation overview 

 

Assumptions made to construct the RBTS test bed power flow and state estimation models 

are provided in Appendix II. Reference [20] provides all pertinent reliability data for the RBTS 

test bed, but do not include transformer and line impedance data for distribution conductors.  Im-

pedance data for high-voltage (138 and 230 kV) conductors are provided in [19]. Based on the 

highest expected current seen on any of the 11 kV feeders, appropriately sized distribution class 

conductors are selected from published Aluminum Conductor Steel Reinforced (ACSR, some-

times denominated Aluminum Cable Steel Reinforced) data tables [70]. Basic data used are pro-

vided in Table 5.6. 

Table 5.6 Conductor impedance data for all voltage classes 
 

Voltage 
(kV) 

Max. feeder 

current (A) 
Conductor 

name 
Current carrying 

capacity (A) 
R  

(Ω/mi) 
X (Ω/mi) 

at 1’ spacing 

11 292 Flamingo 800 0.1397 0.412 

33 323 Lark 600 0.215 0.476 

138 125 Partridge 460 0.757 0.557* 

*Note: 138 kV impedance data are taken from [19] 
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The general state estimation problem is discussed in Sections 0 and 0.  The overdetermined 

state estimation case is built using the system model, line flows, bus voltage and injection current 

solutions of a power flow study (as input measurements to the parameter-estimator).  The estima-

tor uses these measurements taken at nodes around the distribution system to obtain a best esti-

mate of bus voltage and injection currents. The state estimation algorithm solves for x in (5.1), 

. (5.1) 

In this formulation, h includes the system model and system measurements used, while z is 

the measurement vector. The h matrix is constructed as shown in (5.2), 

 ,            ,            (5.2) 

U ~ identity matrix 

hLM ~ line measurement coefficient matrix 

YBUS ~ system admittance model 

Vmeas, Imeas, Iline are system measurement vectors. 

 

Table 5.7 describes the cases studied in Example 4.  Each is simulated in Matlab.  ‘Mea-

surements’ refer to the output of the power flow solution used as inputs to the state estimation 

algorithm. Measurements without noise are exactly the power flow bus voltage and injection cur-

rent solution, while measurements with noise are perturbed power flow bus voltage and injection 

current values. The results for each of the cases tabulated are shown in the Subsections 5.8.1 – 

5.8.5.  A discussion of the results appears in Section 5.9.  Note that in all cases, error is defined 

as the mismatch between the power flow solution and the estimated parameter solution for both 

magnitude and angle of bus voltage and injection current. 

 

5.8.1 Example 4, Case 1 Results 
Figures 5.8-5.17 show the results of the case 1 study. Bus voltage magnitude and magnitude 

error are shown in Fig. 5.8-5.12.   In Figs. 5.8 and 5.9, note that the bus voltage results for the 

power flow case and the state estimator are virtually identical, there exists less than a 5.00075 

per unit difference between the power flow study solution and the estimated solution for the 

worst-case bus voltage estimate which happens to be at bus 82.  Figs. 5.10-5.11 show the bus 
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voltage angles for the power flow and estimated solutions. Note that angle difference between 

power flow and estimated solutions agree to within 5.05 degrees for most buses.  Figure 5.12 

displays histograms of voltage magnitude and angle error (i.e. number of measurements in speci-

fied error ranges).  

Table 5.7 Cases studied in Example 4 
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Additive  

white 
noise 

(%) 

 

 

Comments 

1 83 44 - 

Full phasor voltage measurements at every bus except 
the source (bus 81).  Injection current measurements at 

every bus except the source (bus 81). Estimates of every 
bus voltage and injection current are obtained, along 
with error estimates using the power flow solution. 

2 42 44 - 

Full phasor voltage measurements at every other bus.  
Injection current measurements at every bus. Estimates 
of all bus voltages and injection currents, along with er-
ror estimates based on the power flow solution are ob-

tained. 

3 83 44 1.0 1% normally distributed white noise is added to the 
Case 1 simulation. 

4 83 44 5.0 5% normally distributed white noise is added to the 
Case 1 simulation. 

5 42 44 1.0 1% normally distributed white noise is added to the 
Case 2 simulation 
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Figure 5.8 Case 1: Bus voltage magnitudes from the power flow study result and estimated 

bus voltage magnitudes 

 
Figure 5.9 Case 1 - Bus voltage magnitude error 
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Figure 5.10 Case 1 - Bus voltage angle (degrees): power flow study result and estimated re-

sult 
 

 
Figure 5.11 Case 1 - Voltage angle error 

 
 

 
Figure 5.12 Case 1 - Voltage error histograms (a) magnitude, (b) angle 
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Figures 5.13-5.17 show bus injection current information for Case 1 simulation. Injection 

current magnitude and magnitude error are shown in Figs. 5.13-5.14.  Note that bus injection 

current magnitude for the estimated case is accurate to within 5.008 of the power flow solution 

for the worst case estimate (i.e. injection current at bus 81). Typical magnitude error is approx-

imately 5.01x10-4.   Bus injection current angles, error between power flow and estimated injec-

tion current angles are shown in Figs 5.15-5.16.  Injection current magnitude and angle error his-

tograms are shown in Figs. 5.17.   

 
Figure 5.13 Case 1 - Bus injection current magnitude: power flow study and estimated re-

sults 
 

 
Figure 5.14 Case 1 - Injection current error (degrees) 
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Figure 5.15 Case 1 - Power flow and estimated bus injection current angle (degrees) 

 
 

 
Figure 5.16 Case 1 - Injection current error (degrees) 
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Figure 5.17 Case 1 - Injection current error histograms (upper) magnitude, (lower) angle 
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Table 5.7 Case 1: Comparing power flow solution to the estimated solution for bus voltage 

magnitudes and angles, buses 1-41 

Bus 
No. 

Power flow study solution State estimation solution 
Bus voltage  

magnitude (p.u) 
Bus angle 
(degrees) 

Bus voltage 
magnitude (p.u) 

Bus angle 
(degrees) 

1 0.97641 -9.2818 0.97641 -9.2806 
2 0.97699 -8.9038 0.97699 -8.9026 
3 0.97971 -7.2512 0.97971 -7.2498 
4 0.97707 -9.1874 0.97707 -9.186 
5 0.97979 -8.8024 0.97979 -8.8005 
6 0.98249 -8.4253 0.98249 -8.4229 
7 0.98662 -7.8596 0.98663 -7.857 
8 0.98935 -3.2457 0.9895 -3.2325 
9 0.99017 -3.1073 0.99025 -3.1022 
10 0.99114 -2.9439 0.99109 -2.9533 
11 0.97723 -9.2215 0.97723 -9.2221 
12 0.97723 -9.2215 0.97723 -9.2221 
13 0.97835 -9.0648 0.97835 -9.0655 
14 0.97949 -9.257 0.97949 -9.2577 
15 0.98108 -8.328 0.98108 -8.3288 
16 0.98619 -6.3677 0.9862 -6.3685 
17 0.99041 -5.8065 0.99041 -5.8071 
18 0.97904 -8.9976 0.97905 -8.9983 
19 0.98156 -7.0206 0.98156 -7.0213 
20 0.98006 -8.7872 0.98006 -8.788 
21 0.98193 -8.523 0.98193 -8.5238 
22 0.98177 -8.5449 0.98177 -8.5457 
23 0.98496 -8.1005 0.98496 -8.1014 
24 0.98771 -7.723 0.98772 -7.7237 
25 0.97537 -9.5507 0.97537 -9.5505 
26 0.97586 -9.1208 0.97586 -9.1206 
27 0.97578 -9.8424 0.97578 -9.8421 
28 0.97927 -7.3708 0.97927 -7.3705 
29 0.98107 -7.1213 0.98107 -7.1208 
30 0.98102 -8.395 0.98103 -8.3944 
31 0.98665 -6.3594 0.98665 -6.3586 
32 0.97775 -9.1473 0.97775 -9.1469 
33 0.97798 -9.1142 0.97799 -9.1138 
34 0.97924 -8.9383 0.97924 -8.9378 
35 0.98121 -8.6643 0.98121 -8.6636 
36 0.98137 -8.6424 0.98137 -8.6417 
37 0.98684 -6.3375 0.98685 -6.3366 
38 0.98697 -6.3176 0.98698 -6.3167 
39 0.999 -0.2989 0.99877 -0.29591 
40 0.99911 -0.26535 0.99888 -0.26234 
41 0.99937 -0.18884 0.99914 -0.18578 
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Table 5.8 Case 1: Comparing power flow solution to the estimated solution for bus voltage 
magnitude and angle, buses 42-84 

Bus No. 
Power flow study solution State estimation solution 
Bus voltage  

magnitude (p.u) 
Bus angle 
(degrees) 

Bus voltage  
magnitude (p.u) 

Bus angle 
(degrees) 

42 0.99861 -0.4155 0.99837 -0.41257 
43 0.99877 -0.36732 0.99853 -0.36437 
44 0.99929 -0.20973 0.9991 -0.19229 
45 0.98062 -4.2049 0.98076 -4.1937 
46 0.98151 -4.0866 0.98163 -4.0779 
47 0.98396 -3.7602 0.984 -3.7599 
48 0.98679 -3.3904 0.98671 -3.4035 
49 0.99072 -2.8867 0.9904 -2.9235 
50 0.99384 -2.4934 0.99329 -2.5524 
51 0.98994 -3.145 0.99006 -3.1353 
52 0.99061 -3.0319 0.99065 -3.0311 
53 0.99181 -2.8311 0.99166 -2.85 
54 0.98172 -4.0522 0.98171 -4.0554 
55 0.98267 -3.9279 0.98266 -3.9295 
56 0.98481 -3.6491 0.98483 -3.6456 
57 0.98801 -3.2382 0.98805 -3.2273 
58 0.99207 -2.7224 0.99217 -2.6994 
59 0.99509 -2.3434 0.99523 -2.3099 
60 0.98336 -3.868 0.98335 -3.8713 
61 0.98446 -3.7173 0.98446 -3.7181 
62 0.98608 -3.5026 0.98609 -3.4984 
63 0.9893 -3.0807 0.98936 -3.0673 
64 0.99195 -2.741 0.99204 -2.7187 
65 0.97972 -4.3825 0.97978 -4.3786 
66 0.98107 -4.2034 0.98112 -4.1999 
67 0.98277 -3.9783 0.98281 -3.9756 
68 0.98476 -3.7156 0.98478 -3.7145 
69 0.98842 -3.2391 0.98838 -3.2423 
70 0.99255 -2.7095 0.9924 -2.7198 
71 0.98218 -4.0535 0.98224 -4.049 
72 0.98342 -3.8905 0.98347 -3.8869 
73 0.98552 -3.6163 0.98554 -3.6153 
74 0.98865 -3.2121 0.98861 -3.2154 
75 0.99914 -0.25574 0.99892 -0.25273 
76 0.99924 -0.227 0.99901 -0.22398 
77 0.99953 -0.14074 0.9993 -0.13767 
78 0.99876 -0.36732 0.99853 -0.36438 
79 0.99901 -0.29502 0.99877 -0.29204 
80 0.99594 -0.1666 0.9992 -0.16355 
81 1 0 0.99977 0.0031402 
82 0.99451 -1.9955 0.99376 -2.1012 
83 0.99631 -1.7113 0.99643 -1.6607 
84 0.99364 -2.1171 0.99341 -2.1386 
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5.8.2 Example 4, Case 2 Results 
Figures 5.18-5.27 show the results of the case 2 study. Bus voltage magnitude and magnitude 

error are shown in Figures 5.18-5.19. Note that estimated bus voltage magnitudes and angles dif-

fer slightly from the power flow study result; however, only half the number of bus voltages are 

‘known’ in the linear estimator for Case 2. Using bus voltage measurements at every other bus, 

voltage magnitudes are estimated correctly to within 5.1% of the power flow solution. The larg-

est error occurs at buses to which loads are connected voltage magnitude is unknown. Figure 

5.20 shows the bus voltage angles for the power flow study solution, identifies buses where the 

voltage phasor is ‘measured’, and estimated solutions. Note that bus voltage angles are also well 

estimated for this case.  Figure 5.22 displays histograms of voltage magnitude and angle error.  

 

 
Figure 5.18 Case 2 - Bus voltage magnitudes: power flow study results; measured (at every 

other bus); estimated bus voltage magnitudes 
 

 
Figure 5.19 Case 2 - Bus voltage magnitude error 
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Figure 5.20 Case 2 - Bus voltage angles: power flow study results; measured (at every other 

bus); estimated bus voltage angle 
 

 
Figure 5.21 Case 2 - Bus voltage angle error (degrees) 

 

 
Figure 5.22 Case 2 - Voltage error histograms (a) magnitude, (b) angle 



73 
 

Figures 5.23-5.27 show bus injection current magnitude, angle and error information for 

Case 1 simulation. Injection current magnitude and magnitude error are shown in Figures 5.23-

5.24. Note that bus injection current magnitude estimates agree with the power flow study solu-

tion. Also note that all injection current measurements at loads are provided as ‘measurements’ 

in this case. Bus injection current angle and error between power flow study solution and esti-

mated injection current angle are shown in Figures 5.25-5.26.  Injection current magnitude and 

angle error histograms are shown in Figure 5.27.   

 

 
Figure 5.23 Case 2 – Injection current magnitude: power flow study results and estimated 

 

 
Figure 5.24 Case 2 - Injection current magnitude error 
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Figure 5.25 Case 2 – Injection current angle: power flow study results and estimated 

 

 
Figure 5.26 Case 2 - Injection current angle error (degrees) 

 

 
Figure 5.27  Case 2 - Injection current error histograms (a) magnitude, (b) angle 
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5.8.3 Example 4, Case 3 Results 
Normally distributed white noise with a magnitude of 1% relative to bus voltage magnitude 

is added to the set of bus voltage measurements for Case 1. For voltage measurements, the noise 

is assumed to be randomly distributed with a mean of 0 and unit variance, that is, N(0,1).  The 

noise vector is scaled to 1.0 % of the magnitude of voltage measurements.  This noise vector is 

added to the original bus voltage measurement vector to obtain 1.0% additive white noise.  Fig-

ure 5.28-5.37 show results of the Case 3 simulation.  Figure 5.28-5.32 show magnitude, angle, 

error and error histograms for bus voltages.  Figure 5.33-5.37 show magnitude, angle, error and 

error histograms for bus injection currents. 

 

 

 

 
Figure 5.28 Case 3 - Bus voltage magnitudes: power flow study results; 1 % noisy; esti-

mated 
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Figure 5.29 Case 3 - Bus voltage magnitude error 

 
 

 
Figure 5.30 Case 3 - Bus voltage angle: power flow study result, 1% noisy, estimated 
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Figure 5.31 Case 3 - Bus voltage angle error (degrees) 

 
Figure 5.32 Case 3 - Bus voltage error histograms (a) magnitude, (b) angle 

 

 
Figure 5.33 Case 3 - Injection current magnitude from the power flow study result and es-

timated injection current magnitude 
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Figure 5.34 Case 3 – Injection current magnitude error 

 
Figure 5.35 Case 3 - Injection current angle from the power flow study result and estimated 

injection current angle (degrees) 
 

 
Figure 5.36 Case 3 - Injection current angle error (degrees) 
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Figure 5.37 Case 3 - Injection current error histograms (a) magnitude, (b) angle 
 

 
5.8.4 Example 4, Case 4 Results 

Normally distributed white noise with a magnitude of 5% relative to bus voltages is added to 

the bus voltage ‘measurements’.  For voltage measurements, the noise is assumed to be randomly 

distributed with a mean of 0 and unit variance, that is, N(0,1).  The noise vector is scaled to 5.0% 

of the power flow solution bus voltage magnitudes.  This noise vector is then added to the origi-

nal bus voltage measurement vector.  Magnitude and angle of power flow, noisy (5%) and esti-

mated bus voltage, the error between power flow and estimated solution, as well as histograms of 

the magnitude and angle error are shown in Figure 5.42. Note that tables comparing the power 

flow, noisy and estimated bus voltage magnitude, bus voltage angle, injection current magnitude 

and injection and angle of the power flow study result, noisy and estimated values are provided 

in Appendix III. 
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Figure 5.38 Case 4 - Bus voltage magnitudes: power flow study results; 5 % noisy; esti-
mated 

 
 

 
 

Figure 5.39 Case 4 - Bus voltage magnitude error 
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Figure 5.40 Case 4 - Bus voltage angle: power flow study result, 5% noisy, estimated 

 

 
Figure 5.41 Case 4 - Voltage angle error (degrees) 

 

 
Figure 5.42 Case 4 - Bus voltage error histograms (a) magnitude, (b) angle 
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Case 4 injection current magnitude and error between power flow and estimated magnitude 

at each bus is shown in Figure 5.43-Figure 5.44. Case 4 injection current angle and injection cur-

rent angle error are shown in Figure 5.45- Figure 5.46 while histograms of magnitude and angle 

error are shown in Figure 5.47.  

Note that for Case 4, the estimated injection current angles vary widely from the power flow 

solution. This is largely due to the small reactive component present in the simulation case, since 

the load is seen as a purely real quantity. With bus voltage measurements distorted, the estimated 

bus-injection current magnitude is only slightly distorted, but the bus injection current angle be-

comes be significantly distorted. 

 

 
Figure 5.43 Case 4 - Injection current magnitude: power flow study result and estimated 

injection current magnitude 
 

 
Figure 5.44 Case 4 - Injection current magnitude error 
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Figure 5.45 Case 4 - Injection current angle (deg.) from power flow study result and esti-
mated 

 
 
 

 
 

Figure 5.46 Case 4 - Injection current error (degrees) 
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Figure 5.47 Case 4 - Injection current error histograms (left) magnitude, (right) angle 
 

 

5.8.5 Example 4, Case 5 Results 
 

Case 5 presents a quite realistic example of the distribution class state estimation example in 

a distribution system. Normally distributed white noise of 1% relative to bus voltages is added to 

the bus voltage ‘measurements’ as was done in the Case 3 example.  Also, only bus voltage 

‘measurements’ at every other bus are provided to the distribution system state-estimator; note 

that this is also done in the Case 2 example. The resulting bus voltage magnitude and error, bus 

voltage angle and error and histograms for magnitude and angle error are provided in Figure 5.48 

– 5.52.   Injection current magnitude and magnitude error, angle and angle error, and error histo-

grams are provided in  

Figure 5.53- Figure 5.57.  Tables of the Case 5 bus voltage magnitude, angle and injection 

current magnitude and angle for power flow and estimated values are provided in Appendix III. 
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Figure 5.48 Case 5 - Bus voltage magnitudes: power flow study results, noisy measurement 

(1% at every other bus), estimated 
 
 
 

 
Figure 5.49 Case 5 - Bus voltage magnitude error 
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Figure 5.50 Case 5 - Bus voltage angles: power flow study results, noisy measurement (1% 

at every other bus), estimated 

 
Figure 5.51 Case 5 - Bus voltage angle error (degrees) 

 

 
 

Figure 5.52 Case 5 - Voltage error histograms (left) magnitude, (right) angle 
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Figure 5.53 Case 5 - Injection current magnitudes from the power flow study result and 
estimated results 

 

 
 

Figure 5.54 Case 5 - Injection current magnitude error 
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Figure 5.55 Case 5 - Injection current angle (degrees) from the power flow study result and 
estimated results 

 
 
 

 
 

Figure 5.56 Case 5 - Injection current angle error (degrees) 
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Figure 5.57 Case 5 - Injection current error histograms (a) magnitude, (b) angle 

 
 

5.9 Summary and interpretation of results of Example 4, Cases 1-5 
 

Table 5.9 shows a summary of the cases reported in this chapter.  This table gives the salient 

parameters of each of the test cases 1 through 5.  System parameters are well estimated in cases 1 

and 2 where no noise is included.  Note that in case 2, utilizing half the number of bus voltage 

‘measurements’ in the distribution system state estimator algorithm has minimal impact on the 

accuracy of the estimated results (no noise). That is, the maximum difference between all (84) 

actual bus voltage magnitude (from the power flow solution) and the estimator bus voltage mag-

nitude for case 2 remains less than a tenth of one percent.  Note also that the condition number of 

the h matrix in case 2 is much larger than that of case 1. 

 

Introducing noise into system measurement vector diminishes the accuracy of estimates as 

expected.  Noise magnitudes in cases 3-5 are chosen within accuracies of conventional mea-

surement devices that are found in practice [71].  Estimated solution accuracy when noise is 

present varies in the three cases, but general conclusions are made as follows. Bus voltage mag-

nitudes and angles remain well estimated. Injection current magnitude estimates at load buses are 

fairly well estimated; however, injection current angles are very poorly estimated as indicated by 

case 4 results. The poor estimation of injection currents are discussed below. 
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Table 5.9 Summary of test cases 1 – 5  
 
Case 
no. 

Noise 

(%) 
Condi-

tion 

number 

Largest |V| 

estimate error 

(p.u.) 

Largest V an-
gle error esti-

mate 

(degrees) 

Error 

at 
bus 

no. 

Largest |I| 

error  

estimate 

(p.u.) 

Largest I 
angle 

error esti-
mate 

(degrees) 

Error 

at bus 

no. 

1 - 2923 0.00069 0.106 82 0.0081 0.408 81 

2 - 7557 0.00097 0.2987 4 0.0074 0.249 81 

3 1.0 2923 0.015 0.106 18 0.0088 6.82 81 

4 5.0 2923 0.092 0.106 5 0.0093 41.27 52 

5 1.0 7557 0.0234 0.589 24 0.0062 9.38 81 

 

 

Injection current magnitude estimates at load buses for all cases examined in Example 4 are 

generally accurate.  The largest injection current discrepancy between the power flow result solu-

tion and the estimated solution almost always occurred at the source; that is, the calculation of 

injection current at the source.  In a conventional distribution system, the source (distribution 

substation) is generally the only location where power flowing into the distribution circuit is 

measured.   

 

A critical shortcoming of this estimator algorithm is the large error in estimating injection 

current at buses with no load.  The estimated injection current magnitude at some no-load buses 

is of the order of magnitude of load currents at load buses. For example, in Case 3 with 1% vol-

tage measurement error, the largest bus injection current magnitude at a bus with no load is 

38.44% of the smallest load current. In Case 4 with 5% voltage measurement error, the largest 

no-load bus injection current is 1.76 times greater than the smallest load current.  Weighting fac-

tors to the no-load bus ‘injection current measurements’ can be used to remedy this large error.  

Weighting factors and utilizing the gain matrix places more weight on more reliable measure-

ments (i.e. since there is no load at these buses, injection currents are known to be exactly zero).  

 

Contributing factors to the poorly estimated injection current angle results are the relative 

magnitude of bus voltage measurements to injection current measurements, and the large ratio of 
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real part of bus injection current to the imaginary part (i.e. the real part of injection current is typ-

ically much larger than the imaginary).  In the RBTS test-bed used, load currents are purely real, 

therefore, the imaginary component of load current is miniscule in comparison to the real part of 

load current (see Appendix III, Tables III-5 – III-16 for bus voltage and injection current magni-

tudes and angles for cases 3-5).  As noise is introduced to the bus voltage measurements, the cal-

culation of load current (based on voltage phasor information) is significantly magnified in the 

resulting estimator.  The estimate of the small imaginary part of the load current (bus injection 

current) may only be slightly distorted but the resulting current angle is widely distorted. 

 

Based on the example studied here, the distribution system state estimator algorithm built 

here can be used to effectively estimate bus voltages and angles.  Bus injection current magni-

tudes at load buses can be estimated reasonably.  However, the distribution system state estima-

tor algorithm cannot be effectively used to assess all bus injection currents, particularly at buses 

with no load currents.  Also, the accuracy of the estimator solution can be improved with weight-

ing and ‘pseudo’ measurements. 

 

5.10 Investigating of the connection between condition number and estimator 

error 
 

In the traditional power system state estimation formulation the condition number generally 

indicates the expected accuracy of the solution. That is, a small condition number means the sys-

tem of equations is tolerant to small perturbations in both system errors and measurement noise; 

conversely, a large condition number indicates that noise magnification may produce largely in-

accurate parameter estimates, and even divergence of the iterative estimator.  In the example dis-

tribution system estimator, however, the linear formulation provides a somewhat more robust 

formulation (there are no iterations); however, the condition number of the process matrix, h, 

that contains the system model and relates measurements to system states continues to play a 

significant role in gauging accuracy of parameter estimates. 

 

The condition number of all cases with 84 bus voltage measurements and 83 bus injection 

current measurements is found to be 2923. The condition number gives the inherent ‘condition-
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ing ability’ of the h matrix to noise in the measurement vector, and to errors in the system model.  

For instance, in the cases with a 1% error, the condition number of 2923 implies that magnifica-

tion of the error can be quite significant. The condition number provides bounds on the error 

magnitude via 5.01*2923 = 29.23.  With the formulation of the h matrix given in (5.2), h in Cas-

es 1, 2, 3 and 5 is a 251 x 168 matrix that includes the system model, all bus voltage measure-

ments and all injection current measurements except for the source bus.  The condition number 

indicates that measurement error may distort the solution vector; however, the formulation of the 

problem produces fairly accurate bus voltage estimates of the solution for small changes (about 

1% error) in the measurement vector. 

 

The condition number of all cases with 44 bus voltage and 84 injection current magnitudes is 

found to be 7557. The general size of the h matrix with only 44 of the bus voltages measured is 

209 x 168.  The system remains overdetermined.  There are 168 states to be estimated and 209 

equations to obtain those state estimates.  The larger condition number results in greater error 

when the noise magnitude is larger.  Bus voltage estimates remain fair, but injection currents are 

not well estimated. This can be mitigated by weighting the measurements of known injection 

currents (especially at buses with zero injection current) more heavily. 
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6. Conclusions Relating to Distribution State Estimation and Restoration 

With Recommendations for Future Work 

6.1 Conclusions 
As outlined in the DOE Grid 2030 vision for a smarter grid, the electric power industry is ex-

pected to experience significant changes. These changes include digitization of processes and 

controls, enhanced visualization, massive amounts of data flow and communication and in-

creased reliability define the ‘smart grid’.  Innovative new technology such as smart appliances 

that are capable of detecting system conditions and reducing peak system demand, new control-

lers and utility assets that communicate health information are all components of the new genera-

tion of power system elements that will help to make the grid smarter and more reliable.  The 

distribution system is expected to be at the forefront of integration of new technology, new oper-

ating practices and new methods of customer interaction.  

 

The inclusion of DG and DER, especially renewable generation such as solar and wind, and 

inclusion of DSM and DSR technologies that can respond to changes in system conditions re-

quires a new operating paradigm of distribution system design, operation and control.  To ac-

complish this goal of enhanced reliability, control and system operation, massive deployment of 

sensors, increased levels of data communications and increased networking of distribution feed-

ers is required. This report presents reliability enhancement methods and applications such as 

distribution state estimation that utilize sensory information to increase visualization, control and 

allow enhanced operation of the distribution system. 

 

 Reliability enhancement and fast restoration using algorithms based on the binary bus 

connection matrix are shown. This example details the table look-up approach, or SST, that finds 

alternative operating states based on redundant path availability and interrupting device status 

and location. 

 

Reliability enhancement via increased automation and increasing the number of interrupting 

devices in the distribution system is shown.  The RBTS test bed designed by Roy Billinton for 
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reliability analysis is used to show the reliability that can be achieved with both automation and 

proper placement of interrupting devices. 

 

The RBTS test bed is also used to demonstrate an algorithm and alternative formulation for 

distribution system state estimation utilizing synchronized phasor measurements throughout the 

distribution system.  This example shows the simplification of system parameter estimation by 

formulating a linear model using bus voltage and injection current phasor measurements.  The 

system estimation process is tested with measurement noise close to practical error of conven-

tional power system sensors such as PTs and CTs.  Limitations of this and other aspects of a dis-

tribution system state estimator is addressed in more detail in the following section. 

 
 
6.2 General recommendations 

General recommendations as a result of the studies presented in this work will be discussed 

in this section.  Specific recommendations for future work are shown in the next section. 

 

Networked transmission systems offer superior reliability as compared to the radial distribu-

tion system.  As discussed in Chapters 2, 3 and 5, networking of distribution systems can provide 

substantial increase in reliability.  Future study is recommended on networking of secondary dis-

tribution systems, with illustrative examples of networking primary feeders along with secondary 

distribution systems using the RBTS distribution systems. Along with the idea of networking dis-

tribution systems, controlled islanding of self-sustaining (load and distributed generation match) 

sub-networks, also referred to as microgrids, is a potential area of future study. 

 

It is recommended to investigate the communication requirements of the distribution system 

state estimator. For example, investigations to minimize the number of measurements across the 

system, effectively locate measurement devices, effectively manage a communication infrastruc-

ture and study the reliability implication of such a communication infrastructure are necessary 

elements of future work to fully develop the distribution system state estimator utilizing syn-

chronized phasor measurements. Control may be centralized at a substation, effectuated by con-

trollers that manage zones near the vicinity of the controller, or distributed at many locations 

around a distribution system (each device has its own controller and makes decisions).  Figures 
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6.1-6.3 show the three distinct control infrastructure options.  Table 6.1 presents recommended 

areas of investigation for controllers and communications in the distribution system. 

 
Figure 6.1 Central communication and control 

 

 
Figure 6.2 Communication and control within zones 
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Figure 6.3 Distributed control with local communication 

 
Table 6.1 Recommended areas of distribution system control and communications infra-

structure to be investigated  
 

 
Type of control 

Central Zones Distributed 

Communication and 
control cost 

Requires high data 
transfer capacity, 

but few controllers 

May require many con-
trollers but less data 
transfer requirements 

Many local controllers 
but short distance com-

munication 

Reliability Lowest Intermediate Highest 

Ability to operate un-
der islanded condi-

tions 
Unlikely Good control Very good control 

Amount of transmit-
ted information 

High – transmitted 
from all over the 

distribution system 

Intermediate - transmit-
ted over short distance Low – local control 
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6.3 Future work 
The distribution system state estimation algorithm may be investigated further for issues that 

have been identified in the problem formulation as discussed in Chapter 4.  For example, the 

problem formulation of the distribution system state estimator uses synchronized phasor mea-

surements at all ‘measured’ nodes in the distribution system.  The case of mixed measurements 

should be investigated; that is, some phasor measurements and some conventional magnitude-

only measurements are used. Concepts such as using a single timing unit to effectively time-

stamp all conventional measurements is also recommended to be studied.  

 

In addition to the mix of conventional and synchronized measurements, the inclusion of ac-

tive and reactive power line flows may require future attention. However, the inclusion of real 

and reactive power line flows makes the problem nonlinear. An iterative algorithm is then re-

quired to solve the nonlinear case to estimate state variables. 

 

Assessment of the accuracy of results of the proposed distribution state estimator is also rec-

ommended as future work. In particular, the accuracy needed for adequate visualization and con-

trol of a distribution system state estimator shall be investigated.  Further study is also recom-

mended for the relation of the condition number and other elements of the singular spectrum of 

the process matrix h to the solution accuracy utilizing synchronized phasor measurements.  There 

are some recommendations within the literature (see [80] for example) on acceptable condition 

numbers for the measurement Jacobian matrix (see [40] for example) for the non-linear transmis-

sion state estimation formulation. However, there are limited discussions in literature on linear 

distribution state estimators. 

 

The RBTS system used for reliability analyses and a distribution system state estimation ex-

ample may be further developed to include elements of the Smart Grid 2030 vision that are ex-

pected to increase penetration within conventional electric power distribution system.  The fol-

lowing are elements to be added to the RBTS test system for future study: 

• distributed generation (DG) and distributed energy resources (DER), 

• DG and DER, especially renewable generation such as solar and wind with high source 

variability, 
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• switchable circuit elements for voltage control (capacitors and reactors), 

• controllable loads (those that respond to some command signal). 

 

Also on the topic of a distribution system state estimator, the industry preference for full 

three-phase simulation (using positive, negative and zero sequence impedance networks) of dis-

tribution system power flow studies may require the development of a three-phase distribution 

system state estimator.  Phase unbalance is widely cited as a concern for distribution system stu-

dies, and this unbalance is often exacerbated by the radial operation of the distribution system.  

 

Related projects with the FREEDM center relate to utilizing a distribution class version of 

‘locational marginal price’ (DLMPs) as a price signal to which end-user controllers may respond.  

This is an example to which a distribution system state estimator may be applied. That is, for 

such a distribution system to operate effectively and respond to price changes (via circuit switch-

ing, manage congestion by modifying customer load and DSM/DSR load demand, and minimi-

zation of losses) a system with increased levels of controls and visualization is mandatory.  The 

distribution system state estimator as a tool to monitor and control flows in the distribution sys-

tem, provide data to responsive, switchable loads, and to supplement DG and DER control is 

proposed as a subject of future work. 



99 
 

 

References 
 
[1] 110th Congress of United States, “Smart Grid,” Title XIII, Energy Independence and Secu-
rity Act of 2007, Washington DC, December 2007. 

[2] Office of Electric Transmission and Distribution, United States Department of Energy, 
“Grid 2030: A National Vision for Electricity’s Second 100 Years,” Washington DC, April 2003.  

[3] Office of Electricity Delivery and Energy Reliability, United States Department of Energy, 
“The Smart Grid – An Introduction,” Washington DC, 2008 [Available online]: 
http://www.oe.energy.gov/DocumentsandMedia/DOE_SG_Book_Single_Pages.pdf. 

[4] Office of Electricity Delivery and Energy Reliability, United States Department of Energy, 
“What the Smart Grid Means to You (Utilities) and the People You Serve,” Washington DC, 
2009, [Available online]: http://www.oe.energy.gov/DocumentsandMedia/Utilities.pdf. 

[5] Office of Electricity Delivery and Energy Reliability, United States Department of Energy, 
“What the Smart Grid Means To You (Technology Providers) And The People You Serve,” 
Washington DC, 2009, [Available online]:  

http://www.oe.energy.gov/DocumentsandMedia/TechnologyProviders.pdf. 

[6] United States Department of Energy, “Smart Grid System Report,” Washington DC, July 
2009 [Available online]: 

http://www.oe.energy.gov/DocumentsandMedia/SGSRMain_090707_lowres.pdf. 

[7] W. H. Kersting, Distribution System Modeling and Analysis, CRC Press, New York, NY, 
2007. 

[8] J. A. Momoh, Electric Power Distribution, Automation, Protection and Control, CRC Press, 
New York, NY, 2008. 

[9] F. I. Denny, D. E. Dismukes, Power System Operations and Electricity Markets, CRC Press, 
New York, NY, 2002. 

[10] M. Ilic, F. Galiana, L. Fink, Power Systems Restructuring – Engineering and Economics, 
Kluwer Academic Publishers, 1998. 

[11] Y. Song, X. Wang, Operation of Market-oriented Power Systems, Springer, 2003. 

[12] M. Kezunovic, G. T. Heydt, C. DeMarco, T. Mount “Is Teamwork the Smart Solution?,” 
IEEE Power and Energy Magazine, v. 7, No. 2, March, 2009 pp. 69 -78. 

[13] Z. Alaywan, “Impact of Deregulation on System Operation in California,” CIGRE/IEEE 
Power Engineering Society International Symposium, 2005, pp. 24-30. 

[14] R. L. Chen, S. Sabir, “The Benefits of Implementing Distribution Automation and Sys-
tem Monitoring in the Open Electricity Market,” Proceeding of the IEEE Canadian Conference 
on Electrical and Computer Engineering, v. 2, Toronto, 2001, pp. 825-830. 



100 
 

[15] V. Vittal, “Consequence and Impact of Electric Utility Industry Restructuring on Tran-
sient Stability and Small-Signal Stability Analysis,” Proceedings IEEE, v. 88, no. 2, February 
2000, pp. 196 – 207. 

[16] American Wind Energy Association, “Renewable Portfolio Standards,” [Online:] 
http://www.awea.org/policy/renewables_portfolio_standard.html. 

[17] IEEE Standard 1547, Standard for Interconnecting Distributed Resources with Electric 
Power Systems, Piscataway, NJ, 2009. 

[18] J. Burke, Power Distribution Engineering – Fundamentals and Applications, New York, 
NY: Marcel Dekker, 1994. 

[19] R. Billinton, S. Kumar, N. Chowdhury, K. Chu, K. Debnath, L. Goel, E. Khan, P. Kos, G. 
Nourbakhsh, J. Oteng-Odjei, “A Reliability Test System for Educational Purposes – Basic Data,” 
IEEE Transactions on Power Systems, v. 4, No. 3, August 1989, pp. 1238 -1244. 

[20] R. Billinton, S. Jonnavithalu, “A Test System for Teaching Overall Power System Relia-
bility Assessment,” IEEE Transactions on Power Delivery, v. 11, No. 4, November 1996, pp. 
1670 – 1676. 

[21] R. N. Allan, R. Billinton, Reliability Evaluation of Power Systems, 2nd ed., Springer, 
1996. 

[22] G. Heydt, Computer Analysis Methods for Power Systems, 2nd ed., Stars in a Circle Pub-
lications, Scottsdale, AZ, 1996. 

[23] H. L. Willis, Power Distribution Planning Reference Book, Marcel Dekker, New York, 
NY, 1997. 

[24] R. Billinton, R. Ringlee, A. Wood, Power System Reliability Calculations, MIT Press, 
Cambridge, MA, 1973. 

[25] R. E. Brown, Electric Power Distribution Reliability, New York, NY: Marcel Dekker, 
2002. 

[26] Energy Information Administration, “Average Retail Price of Electricity to Consumers,” 
[Available online:] http://www.eia.doe.gov/fuelelectric.html. 

[27] R. P. Fanning, “Implementation of Networked Primary and Secondary Distribution Sys-
tems for U.S. Utilities,” Proceedings IEEE Power Engineering Society General Meeting, July 
2003, vol. 4, pp. 2425 – 2429. 

[28] R. E. Brown, "Network Reconfiguration for Improving Reliability in Distribution Sys-
tems," in Proceedings 2003 IEEE PES General Meeting, Toronto, Canada, July 2003. 

[29] W. Steeley, C. Perry, M. Vaziri, “Interconnection of Distributed Energy Resources in 
Secondary Distribution Network Systems,” EPRI white paper 1012922, Technical Update, Palo 
Alto, CA, December 2005. 

[30] V. Werner, D. Hall, R. Robinson, C. Warren, “Collecting and Categorizing Information 
Related to Electric Power Distribution Interruption Events: Data Consistency and Categorization 
for Benchmarking Surveys,” IEEE Transactions on Power Delivery, v. 21, No. 1, January 2006, 
pp. 480 – 483. 



101 
 

[31] G. Heydt, “Improving Distribution Reliability (the N9 problem) by the Addition of Pri-
mary Feeders,” IEEE Transactions on Power Delivery, v. 19, No. 1, January 2004, pp. 434 – 435. 

[32] G. T. Heydt, Electric Power Quality, 2nd ed., Stars in a Circle Publications, Scottsdale, 
AZ, 1991. 

[33] M. Fiedler, Special Matrices and their Applications in Numerical Mathematics, Martinus 
Nijhoff Publishers (a member of Kluwer Academic Publishers Group), 1986. 
[34] J.A. Bondy, U.S.R. Murty, Graph Theory - Graduate Texts in Mathematics, Springer, 
2008. 
[35] B. Liu, H. Lai, Matrices in Combinatorics and Graph Theory, Boston, MA: Kluwer Aca-
demic Publishers, 2000. 

[36] H. Brown, D. A. Haughton, G. T. Heydt, S. Suryanarayanan, “Some Elements of Design 
and Operation of a Smart Distribution System,” Proceedings IEEE Power and Energy Society 
Transmission and Distribution Conference and Exposition, New Orleans, LA, April, 2010. 

[37] E. Kyriakides, G. T. Heydt, “Synchronized Measurements in Power System Operation: 
International Practices and Research Issues,” IEEE PES General Meeting, July 2009, pp. 1-3. 

[38] A. Abur, “Impact of Phasor Measurements on State Estimation,” International Confe-
rence on Electrical and Electronics Engineering, November, 2009, pp. I3-I7. 

[39] T. J. Browne, J. W. Stahlhut, G. T. Heydt, W. T. Jewell, R. Bezawada, “Innovative and 
Massively Deployed Sensors in Electric Power Systems,” IEEE PES General Meeting, July 2008, 
pp. 1-6. 

[40] A. Abur, A. G. Exposito, Power System State Estimation – Theory and Implementation, 
New York, NY: Marcel Dekker, 2004. 

[41] F. C. Schweppe, E. J. Handschin, “Static State Estimation in Electric Power Systems,” 
Proceedings IEEE, vol. 62, no. 7, July 1974, pp. 972-982. 

[42] A. Monticelli, State Estimation in Electric Power Systems: A Generalized Approach, 
Kluwer Academic Publishers, 1999. 

[43] M. E. Baran, J. Jung, T. McDermott, “Topology Error Identification Using Branch Cur-
rent State Estimation for Distribution Systems,” Transmission and Distribution Conference and 
Exposition, Asia and Pacific, October, 2009, pp. 1-4. 

[44] R. Hoffman, “Practical State Estimation for Electric Distribution Networks,” IEEE PES 
Power Systems Conference and Expositions, October, 2006, pp. 510-517. 
[45] A. Abur, “Impact of Phasor Measurements on State Estimation,” International Confe-
rence on Electrical and Electronics Engineering (ELECO), pp. I3-I7, 2009. 
[46] I. Roytelman, S. M. Shahidehpour, “State Estimation for Electric Power Distribution Sys-
tems in Quasi Real-Time Conditions,” IEEE Transactions on Power Delivery, vol. 8, no. 4, Oc-
tober, 1993, pp. 2009-2015. 
[47] M. Powalko, K. Rudion, P. Komarnicki, J. Blumschein, “Observability of the Distribu-
tion System,” CIRED International Conference on Electricity Distribution, June 2009, pp. 8-11. 



102 
 

[48] A. J. Wood, B. F. Wollenberg, Power Generation Operation and Control, 2nd ed., John 
Wiley & Sons, 2007. 
[49] D. Haughton, G. T. Heydt, “Smart Distribution System Design: Automatic Reconfigura-
tion for Improved Reliability,” Proceedings IEEE General Meeting, Minneapolis, MN, July, 
2010. 
[50] R. Billinton, Reliability Assessment of Electrical Power Systems Using Monte Carlo Me-
thods, Plenum Publishers, New York, 1994. 
[51] R. Billinton, W. Wangdee, “Delivery Point Reliability Indices of a Bulk Electric System 
Using Sequential Monte Carlo Simulation,” IEEE Transactions on Power Delivery, vol. 21, no. 1, 
January, 2006, pp. 345-352. 
[52] R. Dugan, M. McGranaghan, S. Santoso, H. Beaty, Electrical Power Systems Quality, 2nd 
ed., McGraw Hill, New York, 2002. 
[53] B. S. Sathyanarayana, “A Roadmap for Distribution Energy Management via Multiobjec-
tive Optimization,” Proceedings IEEE General Meeting, July, 2010. 

[54] IEEE Standard C37.118-2005, Standard for Synchrophasors for Power Systems, Piscata-
way, NJ, 2005. 
[55] M. M. Adibi, Power System Restoration: Methodologies & Implementation Strategies, 
IEEE Press, 2000. 
[56] C. C. Lui, S. J. Lee, S. S. Venkata, “An Expert System Operational Aid for Restoration 
and Loss Reduction of Distribution Systems,” IEEE Transactions on Power Systems, v. 3, no. 2, 
1988, pp. 619 – 626. 
[57] K. Matsumoto, T. Sakaguchi, R. J. Kafka, M. M. Adibi, “Knowledge Based Systems as 
Operational Aids in Power System Restoration,” Proceedings of the IEEE, v. 80, no. 5, 1992, pp. 
689-697. 
[58] R. L. Wilde, “Effects of Cold Load Pickup at the Distribution Substation Transformer,” 
IEEE Transactions on Power Apparatus and Systems, v. PAS-104, no. 3, 1985, pp. 704-710. 
[59] E. Mondon, B. Heilbronn, Y. Harmand, O. Paillet, H. Fargier, “MARS: An Aid for Net-
work Restoration After a Local Disturbance,” Proceedings Power Industry Computer Applica-
tion Conference, May 1991, pp. 344-349. 
[60] Y. M. Park, K. H. Lee, “Application of an Expert System to Power System Restoration in 
Sub-Control Center,” IEEE Transactions on Power Systems, v. 12, no. 2, May 1997, pp. 629-635. 
[61] Q. Zhour, D. Shirmohammadi, W. H. E. Liu, “Distribution Feeder Reconfiguration for 
Service Restoration and Load Balancing,” IEEE Transactions on Power Systems, v. 12, no. 2, 
May 1997, pp. 724-729. 
[62] Tropos networks, “Outage Management: The Electric Utility’s No. 1 Headache,” A tech-
nology brief by TROPOS networks, July 2007, [Available Online]: 
http://www.tropos.com/pdf/technology_briefs/tropos_techbrief_outage_mgmt.pdf. 
[63] IEEE Standard 1366-2003, Guide for Electric Power Distribution Reliability Indices, 
Piscataway, NJ, 2003. 



103 
 

[64] R.V. Patel, A. J. Laub, P. M Van Dooren, Numerical Linear Algebra Techniques for Sys-
tems and Control, IEEE Press, 1994. 

[65] A.S. Householder, The Theory of Matrices in Numerical Analysis, Dover, NY, 1964. 

[66] M. B Allen III, E. L Isaacson, Numerical Analysis for Applied Science, John Wiley and 
Sons, NY, 1998. 

[67] A. S. Deif, Advanced Matrix Theory for Scientists and E ngineers, Abacus Press, U.K. 
1982. 

[68] G. H. Golub, C. F. Van Loan, Matrix Computations, 3rd ed., The John Hopkins Universi-
ty Press, MD, 1996. 

[69] G. Heydt, “The Next Generation of Power Distribution Systems,” IEEE Transactions on 
Smart Grid, accepted for publication, 2010. 

[70] J. D. Glover, M. S. Sarma, T. Overbye, Power System Analysis and Design, 4th ed., 
Thomson Learning, 2008. 

[71] K. Lindsey, “Practical Aspects of Using Line Sensors in the Field,” Proceedings IEEE 
General Meeting, Minneapolis, MN, July 2010. 

[72] J. Mickey, “Using Load Resources to Meet Ancillary Service Requirements in the ER-
COT Market: A Case Study,” Proceedings IEEE General Meeting, Minneapolis, MN, July 2010. 

[73] X. Zhang, R. Fields, K. Abreu, “Financial Benefits of Implementing Demand Response 
in CAISO Market,” Proceedings IEEE General Meeting, Minneapolis, MN, July 2010. 

[74] S. Windergren, H. Kirkham, “Smart Grid – Transforming Power System Operations,” 
Proceedings IEEE General Meeting, Minneapolis, MN, July 2010. 

[75] D. Carty, M. Atanacio, “PMUs and Their Potential Impact on Real-time Control Center 
Operations,” Proceedings IEEE General Meeting, Minneapolis, MN, July 2010. 

[76] G. T. Heydt, S. Bhatt, “Present and Future Trends and Needs in Electric Power Quality 
Sensors and Instrumentation,” Journal of Electric Machines and Power Systems, v. 27, No. 7, 
July, 1999, pp. 691-700. 

[77] S. V. Poroseva, “Computational Analysis of Network Survivability with Application to 
Power Systems,” Physics Procedia, v. 4, 2010, pp. 113-117. 

[78] B. R. Sathyanarayanan, G. T. Heydt, M. Crow, F. Meng, “Test Bed Evaluation of Future 
Power Distribution Systems with Renewable Resources,” North American Power Symposium 
(NAPS), Starkville, MS 2009, pp. 1-8. 

[79] A. Q. Huang, M. L. Crow, G. T. Heydt, J. P. Zheng, S. J. Dale, “The Future Renewable 
Electric Energy Delivery and Management (FREEDM) system: the energy internet,” Proceed-
ings of the IEEE, v. 99, no. 1, January 2011, pp. 1-16. 

[80] R. Ebrahimian, R. Baldick, “State Estimator Condition Number Analysis,” IEEE Trans-
actions on Power Systems, v. 16, no. 2, May, 2001, pp. 273-279. 

[81] Damir Novosel, Performance Requirements Task Team (PRTT), “Performance Require-
ments Part II - Targeted Applications: State Estimation,” Eastern Interconnection Phasor Project 



104 
 

(EIPP), North American Synchrophasor Initiative (NASPI), July,  2006, pp. 1-33  [Available on-
line]: http://www.naspi.org/resources/archive/archiveresources.stm. 

 



105 
 

Appendix I - A Further Discussion of Matrix Condition 

 
References [33] and [64]-[68] provide detailed discussions about matrix conditioning.  It is 

especially important to consider the conditioning of a matrix when a digital computer is used to 

solve the system of equations or compute solution estimates.  A matrix is said to be ill-

conditioned if small errors in either the system equations or the measurement vector can cause 

large errors in state vector estimates. Of course, a well conditioned matrix may still cause large 

errors when small perturbations in the measurement vector are present. Examples of these situa-

tions are provided in [64]-[68].  Chapter 4 identifies common sources of ill-conditioning related 

to the power system state estimation formulation. The common sources of ill-conditioning identi-

fied are a large proportion of injection current measurements, long and short lines connected to 

the same bus and large weighting factors applied to virtual measurements. 

 

Figure I.1 summarizes a discussion from [64].  The following discussion relates Figure I-1 to 

the state estimation problem.  A set of data, d, is transformed to a solution space by a function, f.  

The true solution to this problem is given by f(d).  The calculated solution of a well-conditioned 

system f(d*) will lie near f(d).  If the function, f, is ill-conditioned, then f(d*) may lie far away 

from f(d).  Generally the more ill-conditioned the function f, the further the solution f(d*) tends 

to be away from the true solution f(d).  The same argument applies to a function, f*, that approx-

imates the function, f, must also be well-conditioned for the solution f*(d) of the original data set, 

d, to lie near the true solution, f(d). 

State estimation involves taking a sample of the data, d*, that is near d (i.e. state measure-

ments), and estimating the system parameters utilizing the system model (i.e. f or f*).  Note that 

in power system state estimation, the system model is approximate (best model based on know-

ledge of the system and physical measurements).  It is apparent that a reasonably accurate solu-

tion depends on the system model and how ‘close’ the measurements, d*, and how accurate the 

system model, f* are to their true values. 
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Figure I.1 An overview of conditioning 

 

 

The vector and matrix norms introduced in Chapter 4 provide a measure of how close the 

true solution is to the estimated solution.  A large norm indicates ill-conditioning while a small 

norm indicates a more well-conditioned system.  The state estimation formulation essentially 

tries to minimize the norm of the residual of measurements to calculated solution.  Note that 

well-conditioned algorithms with close estimates have the highest probability of being close to 

the true solution.  In the power system area, a ‘perfect’ solution is generally not needed. Desired 

accuracy depends on the application for which the solution is being used.  Generally in the power 

operation center, a ‘close enough’ solution can give an operator enough information to make de-

cisions that continue to keep the grid in a stable operating region.  
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Appendix II – Assumptions Used to Build the RBTS System Model 
 

The following section details the calculation for sizing conductors for the RBTS system 

model. Starting with the base MVA, voltage, current and impedance parameters, the appropriate-

ly sized conductors are selected from the list of ACSR conductors presented in tables in [70],  

 

 

 

 
 

From [70], the following conductors are available for the various voltage classes present 

within the RBTS test bed. Note that in the RBTS test system, many of the load points are served 

at the 415 V voltage class. There are no span/conductor lengths at that voltage level.  The main 

distribution feeders are 11 kV, the subtransmission network is 33 kV, and large industrial loads 

are served at the 138 kV voltage class.  Conductors are sized to allow approximately three times 

the maximum steady-state current to flow under abnormal operating conditions.  This factor of 

three is chosen to allow one feeder to supply the full load of an adjacent feeder of similar voltage 

class (i.e. feeder F1 supply feeder F2) when the main source breaker is open and the normally-

open-tie-switch is closed. 

Table II.1 Base voltage, impedance and current 
 

Voltage  

(kVLL) 

Base Voltage 

 (kVLL) 

Base Impedance 

(Ω) 

Base Current 

(A) 

138  190 418 

33  11 1750 

11  1.21 5248 

0.415  0.0017 139120 
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Table II.2 Feeder and RBTS system peak load and peak current 
 

Feeder 

Peak load 

(MW) 

Base 

voltage (kVLL) 

Base 

voltage (kVLN) 

Feeder 

current (A) 

2x Feeder 

Current (A) 

3x Feeder 

Current (A) 

F1 5.49 11 6.35 288.2 576.3 864.5 

F2 3.06 11 6.35 160.6 321.2 481.8 

F3 5.29 11 6.35 277.7 555.3 833.0 

F4 5.57 11 6.35 292.3 584.7 877.0 

F5 4.88 11 6.35 256.1 512.3 768.4 

F6 5.24 33 19.05 91.7 183.4 275.0 

F7 25.42 138 79.67 106.3 212.7 319.0 

F8 30.08 138 79.67 125.8 251.7 377.5 

Peak Load 85.03 

      
 
 
 

Table II.3 Conductors chosen based on the maximum feeder load 
 

Voltage 

(kV) 

Max. feeder 

current (A) 

Conductor 

name 

Current carrying 

capacity (A) 

R 

(Ω/mi) 

X (Ω/mi)  

at 1’ spacing 

11 292 Flamingo 800 0.1397 0.412 

33 323 Lark 600 0.215 0.476 

138 125 Partridge 460 0.757 0.557* 

* Note: 138 kV line impedances are presented in [19]. 
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Appendix III – Example 4: Distribution System State Estimation Results 
 
 The Tables III.1 to III.16  in this appendix indicate the results of Example 4 described in 
the main text. 
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Table III.1 Case 2: Comparing power flow solution to the estimated solution for bus vol-
tage magnitudes and angles, buses 1-41 

Case 2 – Bus voltages 

Bus no. 
Power flow study result Estimated result 

Voltage magnitude 
(pu) 

Voltage angle 
(degrees) 

Voltage magnitude 
(pu) 

Voltage angle 
(degrees) 

1 0.97641 -9.2818 0.97641 -9.2808 
2 0.97699 -8.9038 0.97769 -8.698 
3 0.97971 -7.2512 0.97972 -7.2499 
4 0.97707 -9.1874 0.97803 -8.9308 
5 0.97979 -8.8024 0.97979 -8.8011 
6 0.98249 -8.4253 0.98294 -8.1275 
7 0.98662 -7.8596 0.98662 -7.8583 
8 0.98935 -3.2457 0.98943 -3.2362 
9 0.99017 -3.1073 0.99013 -3.112 

10 0.99114 -2.9439 0.99092 -2.9705 
11 0.97723 -9.2215 0.97723 -9.2219 
12 0.97723 -9.2215 0.97733 -9.297 
13 0.97835 -9.0648 0.97835 -9.0651 
14 0.97949 -9.257 0.9796 -9.3433 
15 0.98108 -8.328 0.98108 -8.3284 
16 0.98619 -6.3677 0.98624 -6.4626 
17 0.99041 -5.8065 0.99041 -5.8068 
18 0.97904 -8.9976 0.97914 -9.076 
19 0.98156 -7.0206 0.98156 -7.021 
20 0.98006 -8.7872 0.98017 -8.8648 
21 0.98193 -8.523 0.98193 -8.5234 
22 0.98177 -8.5449 0.98187 -8.633 
23 0.98496 -8.1005 0.98496 -8.101 
24 0.98771 -7.723 0.98775 -7.7995 
25 0.97537 -9.5507 0.97537 -9.5504 
26 0.97586 -9.1208 0.97594 -9.0733 
27 0.97578 -9.8424 0.97578 -9.8421 
28 0.97927 -7.3708 0.9794 -7.3087 
29 0.98107 -7.1213 0.98107 -7.1209 
30 0.98102 -8.395 0.98114 -8.315 
31 0.98665 -6.3594 0.98665 -6.359 
32 0.97775 -9.1473 0.97785 -9.0824 
33 0.97798 -9.1142 0.97798 -9.1139 
34 0.97924 -8.9383 0.97934 -8.8663 
35 0.98121 -8.6643 0.98121 -8.6639 
36 0.98137 -8.6424 0.98146 -8.5646 
37 0.98684 -6.3375 0.98684 -6.3372 
38 0.98697 -6.3176 0.98707 -6.2552 
39 0.999 -0.2989 0.99901 -0.29935 
40 0.99911 -0.26535 0.99912 -0.2658 
41 0.99937 -0.18884 0.99937 -0.1893 
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Table III.2 Case 2: Comparing power flow solution to the estimated solution for bus vol-
tage magnitudes and angles, buses 42-84 

Case 2 – Bus voltages 
 Power flow study result Estimated result 

Bus no. Voltage magnitude 
(pu) 

Voltage angle 
(degrees) 

Voltage magnitude 
(pu) 

Voltage angle 
(degrees) 

42 0.9986 -0.4155 0.99861 -0.41596 
43 0.99877 -0.36732 0.99877 -0.36778 
44 0.99934 -0.20973 0.99934 -0.19578 
45 0.98062 -4.2049 0.9809 -4.1891 
46 0.98151 -4.0866 0.98175 -4.075 
47 0.98396 -3.7602 0.98405 -3.7629 
48 0.98679 -3.3904 0.98671 -3.4101 
49 0.99072 -2.8867 0.99034 -2.936 
50 0.99384 -2.4934 0.99322 -2.5665 
51 0.98994 -3.145 0.98998 -3.1414 
52 0.99061 -3.0319 0.99054 -3.0412 
53 0.99181 -2.8311 0.99153 -2.8643 
54 0.98172 -4.0522 0.98168 -4.0567 
55 0.98267 -3.9279 0.98264 -3.9306 
56 0.98481 -3.6491 0.9848 -3.6479 
57 0.98801 -3.2382 0.98803 -3.2307 
58 0.99207 -2.7224 0.99216 -2.704 
59 0.99509 -2.3434 0.99524 -2.3165 
60 0.98336 -3.868 0.98331 -3.8741 
61 0.98446 -3.7173 0.98443 -3.7208 
62 0.98608 -3.5026 0.98606 -3.5013 
63 0.9893 -3.0807 0.98934 -3.0706 
64 0.99195 -2.741 0.99203 -2.7235 
65 0.97972 -4.3825 0.97976 -4.3791 
66 0.98107 -4.2034 0.98109 -4.2015 
67 0.98277 -3.9783 0.98277 -3.9788 
68 0.98476 -3.7156 0.98473 -3.7192 
69 0.98842 -3.2391 0.98832 -3.2503 
70 0.99255 -2.7095 0.99236 -2.7299 
71 0.98218 -4.0535 0.9822 -4.0515 
72 0.98342 -3.8905 0.98342 -3.8904 
73 0.98552 -3.6163 0.98548 -3.6209 
74 0.98865 -3.2121 0.98855 -3.2235 
75 0.99914 -0.25574 0.99915 -0.2562 
76 0.99924 -0.227 0.99924 -0.22746 
77 0.99953 -0.14074 0.99953 -0.1412 
78 0.99876 -0.36732 0.99877 -0.36778 
79 0.999 -0.29502 0.99901 -0.29548 
80 0.99944 -0.1666 0.99944 -0.16706 
81 1 0 1 -0.00046356 
82 0.99451 -1.9955 0.99374 -2.1128 
83 0.99631 -1.7113 0.99648 -1.6695 
84 0.99364 -2.1171 0.9934 -2.1492 
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Table III.3 Case 2: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 1-41 

Case 2 – Injection currents 
 Power flow study result Estimated result 

Bus no. Injection current  
magnitude (p.u.) 

Injection current  
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

1 0.0085692 -9.2818 0.0085829 -9.3643 
2 0.0079325 -8.9038 0.0077736 -8.7505 
3 0.0053281 -7.2512 0.0053376 -7.3693 
4 0.0085633 -9.1874 0.008359 -8.9513 
5 0.0085396 -8.8024 0.0085367 -8.8342 
6 0.0085161 -8.4253 0.0082479 -8.2721 
7 0.0084804 -7.8596 0.0084357 -7.7588 
8 0.010279 -3.2457 0.009971 -3.0354 
9 0.010271 -3.1073 0.0099365 -2.8717 
10 0.010261 -2.9439 0.0099414 -2.703 
11 0.0086981 -9.2215 0.0086944 -9.2112 
12 0.0086981 -9.2215 0.0087574 -9.1776 
13 0.0086881 -9.0648 0.008686 -9.0564 
14 0.0094437 -9.257 0.0095171 -9.2179 
15 0.0078995 -8.328 0.0079009 -8.3235 
16 0.0052931 -6.3677 0.0053796 -6.3453 
17 0.0052706 -5.8065 0.0052868 -5.8455 
18 0.0086819 -8.9976 0.0087427 -8.9522 
19 0.0053181 -7.0206 0.0053131 -6.9986 
20 0.0085372 -8.7872 0.0085992 -8.7392 
21 0.008521 -8.523 0.0085224 -8.5186 
22 0.0085224 -8.5449 0.0085977 -8.5058 
23 0.0084948 -8.1005 0.0085039 -8.1077 
24 0.0084711 -7.723 0.008551 -7.7287 
25 0.0087147 -9.5507 0.0087174 -9.5593 
26 0.0079417 -9.1208 0.007905 -9.1035 
27 0.0094796 -9.8424 0.009481 -9.8472 
28 0.0053305 -7.3708 0.0052799 -7.314 
29 0.0053207 -7.1213 0.0053201 -7.1213 
30 0.0078999 -8.395 0.0078295 -8.3491 
31 0.0052906 -6.3594 0.0052805 -6.3119 
32 0.0085574 -9.1473 0.0085048 -9.1239 
33 0.0085554 -9.1142 0.0085569 -9.1203 
34 0.0085444 -8.9383 0.0084837 -8.907 
35 0.0085272 -8.6643 0.0085229 -8.654 
36 0.0085259 -8.6424 0.008456 -8.6011 
37 0.0052896 -6.3375 0.0052794 -6.2888 
38 0.0052889 -6.3176 0.0052258 -6.2208 
39 0.069236 -0.2989 0.069236 -0.29931 
40 0.069228 -0.26535 0.069228 -0.26564 
41 0.1159 -0.18884 0.1159 -0.18897 

 



113 
 

Table III.4 Case 2: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 42-84 

Case 2 – Injection currents 

Bus No. 
Power flow study result Estimated result 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

42 0.11599 -0.4155 0.11599 -0.41561 
43 0.11598 -0.36732 0.11598 -0.36746 
44 0.069213 -0.20973 0.069212 -0.20982 
45 0 0 0.00016035 163.64 
46 0 0 0.00020727 161.25 
47 0 0 0.00023341 167.06 
48 0 0 0.00026917 166.88 
49 0 0 0.0002748 172.64 
50 0 0 0.00019093 168.68 
51 0 0 0.00031073 169.99 
52 0 0 0.0003252 169.85 
53 0 0 0.00032233 169.6 
54 0 0 0.000059756 -2.7718 
55 0 0 0.000060554 -2.5461 
56 0 0 0.000073685 -4.2033 
57 0 0 0.000086595 -4.9737 
58 0 0 0.000075127 -9.1396 
59 0 0 0.000068472 -12.416 
60 0 0 0.000061163 -2.4941 
61 0 0 0.000062417 -2.1578 
62 0 0 0.000075519 -4.0894 
63 0 0 0.000091716 -5.283 
64 0 0 0.000079942 -8.3314 
65 0 0 0.000036801 167.17 
66 0 0 0.000050828 166.72 
67 0 0 0.000060837 166.74 
68 0 0 0.00007073 166.52 
69 0 0 0.000085572 166.29 
70 0 0 0.000058205 165.27 
71 0 0 0.000052708 167.08 
72 0 0 0.000060893 166.69 
73 0 0 0.000070104 166.37 
74 0 0 0.000063718 165.72 
75 0 0 6.8849E-07 -141.31 
76 0 0 5.5568E-07 -141.3 
77 0 0 3.5626E-07 -141.3 
78 0 0 3.5184E-07 -142.58 
79 0 0 3.5184E-07 -142.58 
80 0 0 1.7592E-07 -142.58 
81 0.85424 -2.9659 0.84683 -2.87 
82 0 0 0.000074134 175.53 
83 0 0 0.00000633 27.636 
84 0 0 0.000042295 171.21 
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Table III.5 Case 3: Comparing power flow solution to the estimated solution and noisy measure-
ment for bus voltage magnitudes and angles, buses 1-41 

Case 3 – Bus voltages 

Bus 
no. 

Power flow study result Estimated result Noisy measurement 
Voltage 

magnitude 
(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 
1 0.97641 -9.2818 0.97784 -9.2815 0.97787 -9.2818 
2 0.97699 -8.9038 0.9786 -8.9034 0.97863 -8.9038 
3 0.97971 -7.2512 0.97274 -7.2506 0.97273 -7.2512 
4 0.97707 -9.1874 0.97195 -9.1869 0.97195 -9.1874 
5 0.97979 -8.8024 0.98731 -8.7995 0.98728 -8.8024 
6 0.98249 -8.4253 0.98164 -8.4222 0.98158 -8.4253 
7 0.98662 -7.8596 0.98936 -7.8572 0.98934 -7.8596 
8 0.98935 -3.2457 0.99197 -3.2356 0.98997 -3.2457 
9 0.99017 -3.1073 0.99236 -3.1049 0.98572 -3.1073 
10 0.99114 -2.9439 0.9925 -2.9547 0.98722 -2.9439 
11 0.97723 -9.2215 0.98014 -9.2246 0.9803 -9.2215 
12 0.97723 -9.2215 0.97056 -9.2246 0.97067 -9.2215 
13 0.97835 -9.0648 0.98359 -9.068 0.98375 -9.0648 
14 0.97949 -9.257 0.98336 -9.2585 0.98343 -9.257 
15 0.98108 -8.328 0.97535 -8.3295 0.97538 -8.328 
16 0.98619 -6.3677 0.98432 -6.369 0.98434 -6.3677 
17 0.99041 -5.8065 0.98211 -5.8077 0.98209 -5.8065 
18 0.97904 -8.9976 0.96407 -8.9941 0.9638 -8.9976 
19 0.98156 -7.0206 0.98857 -7.0176 0.98841 -7.0206 
20 0.98006 -8.7872 0.97653 -8.7877 0.97647 -8.7872 
21 0.98193 -8.523 0.98417 -8.5249 0.9842 -8.523 
22 0.98177 -8.5449 0.98337 -8.5468 0.9834 -8.5449 
23 0.98496 -8.1005 0.98513 -8.1014 0.98511 -8.1005 
24 0.98771 -7.723 0.9808 -7.7226 0.9807 -7.723 
25 0.97537 -9.5507 0.96872 -9.5537 0.96883 -9.5507 
26 0.97586 -9.1208 0.97315 -9.1237 0.97328 -9.1208 
27 0.97578 -9.8424 0.96753 -9.8447 0.9676 -9.8424 
28 0.97927 -7.3708 0.97188 -7.3728 0.97196 -7.3708 
29 0.98107 -7.1213 0.9912 -7.1214 0.99128 -7.1213 
30 0.98102 -8.395 0.98143 -8.3939 0.98141 -8.395 
31 0.98665 -6.3594 0.97828 -6.3572 0.97816 -6.3594 
32 0.97775 -9.1473 0.97746 -9.1474 0.97746 -9.1473 
33 0.97798 -9.1142 0.97022 -9.1144 0.97018 -9.1142 
34 0.97924 -8.9383 0.96995 -8.9381 0.96989 -8.9383 
35 0.98121 -8.6643 0.97948 -8.6623 0.9794 -8.6643 
36 0.98137 -8.6424 0.98803 -8.6404 0.98798 -8.6424 
37 0.98684 -6.3375 0.98788 -6.334 0.98774 -6.3375 
38 0.98697 -6.3176 0.99168 -6.3141 0.99156 -6.3176 
39 0.999 -0.2989 0.99599 -0.29417 0.99075 -0.2989 
40 0.99911 -0.26535 0.99612 -0.2605 0.99586 -0.26535 
41 0.99937 -0.18884 0.9964 -0.18372 0.99751 -0.18884 
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Table III.6 Case 3: Comparing power flow solution to the estimated solution and noisy measure-
ment for bus voltage magnitudes and angles, buses 42-84 

Case 3 – Bus voltages 

Bus 
no. 

Power flow study result Estimated result Noisy measurement 
Voltage 

magnitude 
(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 
42 0.9986 -0.4155 0.9956 -0.41114 0.99004 -0.4155 
43 0.99877 -0.36732 0.99577 -0.36279 0.98945 -0.36732 
44 0.99934 -0.20973 0.99637 -0.19023 1.0059 -0.20973 
45 0.98062 -4.2049 0.98081 -4.1954 0.9807 -4.2049 
46 0.98151 -4.0866 0.98172 -4.0783 0.97704 -4.0866 
47 0.98396 -3.7602 0.9845 -3.7627 0.98957 -3.7602 
48 0.98679 -3.3904 0.98723 -3.4045 0.9884 -3.3904 
49 0.99072 -2.8867 0.99079 -2.9209 0.98378 -2.8867 
50 0.99384 -2.4934 0.99349 -2.5449 1.0033 -2.4934 
51 0.98994 -3.145 0.99245 -3.1383 0.99197 -3.145 
52 0.99061 -3.0319 0.99273 -3.0333 1.001 -3.0319 
53 0.99181 -2.8311 0.99306 -2.8496 0.99979 -2.8311 
54 0.98172 -4.0522 0.97709 -4.0589 0.97697 -4.0522 
55 0.98267 -3.9279 0.97831 -3.933 0.97369 -3.9279 
56 0.98481 -3.6491 0.9812 -3.6471 0.9843 -3.6491 
57 0.98801 -3.2382 0.98513 -3.2263 0.9857 -3.2382 
58 0.99207 -2.7224 0.9901 -2.6961 0.98615 -2.7224 
59 0.99509 -2.3434 0.99384 -2.3067 0.99859 -2.3434 
60 0.98336 -3.868 0.98483 -3.8704 0.99371 -3.868 
61 0.98446 -3.7173 0.98533 -3.7197 0.98066 -3.7173 
62 0.98608 -3.5026 0.98635 -3.5018 0.98017 -3.5026 
63 0.9893 -3.0807 0.989 -3.069 0.98758 -3.0807 
64 0.99195 -2.741 0.99122 -2.7178 0.9966 -2.741 
65 0.97972 -4.3825 0.97568 -4.3765 0.97381 -4.3825 
66 0.98107 -4.2034 0.97759 -4.1985 0.97274 -4.2034 
67 0.98277 -3.9783 0.98003 -3.9774 0.98194 -3.9783 
68 0.98476 -3.7156 0.98265 -3.716 0.9843 -3.7156 
69 0.98842 -3.2391 0.98704 -3.242 0.99181 -3.2391 
70 0.99255 -2.7095 0.99165 -2.7193 0.98837 -2.7095 
71 0.98218 -4.0535 0.98188 -4.0478 0.98114 -4.0535 
72 0.98342 -3.8905 0.98325 -3.8871 0.9804 -3.8905 
73 0.98552 -3.6163 0.98561 -3.6195 0.98497 -3.6163 
74 0.98865 -3.2121 0.98859 -3.2195 0.99939 -3.2121 
75 0.99914 -0.25574 0.99614 -0.25087 0.99486 -0.25574 
76 0.99924 -0.227 0.99625 -0.22203 0.98972 -0.227 
77 0.99953 -0.14074 0.99656 -0.13547 1.0028 -0.14074 
78 0.99876 -0.36732 0.99577 -0.36281 0.99238 -0.36732 
79 0.999 -0.29502 0.99602 -0.29026 0.99926 -0.29502 
80 0.99944 -0.1666 0.99647 -0.16141 0.995 -0.1666 
81 1 0 0.99705 0.005741 1.0038 0 
82 0.99451 -1.9955 0.99305 -2.1014 0.99839 -1.9955 
83 0.99631 -1.7113 0.99502 -1.6549 0.99488 -1.7113 
84 0.99364 -2.1171 0.99244 -2.1379 0.97921 -2.1171 
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Table III.7 Case 3: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 1-41 

Case 3 – Injection currents 

Bus no. 
Power flow study result Estimated result 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

1 0.0085692 -9.2818 0.0085595 -8.0616 
2 0.0079325 -8.9038 0.0079283 -6.6186 
3 0.0053281 -7.2512 0.0053243 -5.1108 
4 0.0085633 -9.1874 0.0085826 -3.7695 
5 0.0085396 -8.8024 0.0085489 -3.6251 
6 0.0085161 -8.4253 0.0084922 -5.5332 
7 0.0084804 -7.8596 0.008429 -6.2625 
8 0.010279 -3.2457 0.010333 -7.0877 
9 0.010271 -3.1073 0.009744 -0.060328 
10 0.010261 -2.9439 0.010222 -10.353 
11 0.0086981 -9.2215 0.0086703 -7.7569 
12 0.0086981 -9.2215 0.0086697 -7.9722 
13 0.0086881 -9.0648 0.0087059 -2.9381 
14 0.0094437 -9.257 0.0094336 -5.9153 
15 0.0078995 -8.328 0.0078862 -6.0156 
16 0.0052931 -6.3677 0.0052939 -4.7104 
17 0.0052706 -5.8065 0.0052845 -3.5749 
18 0.0086819 -8.9976 0.0086784 -6.7886 
19 0.0053181 -7.0206 0.0053724 1.9045 
20 0.0085372 -8.7872 0.0085327 -7.5722 
21 0.008521 -8.523 0.0085244 -6.0984 
22 0.0085224 -8.5449 0.0085232 -6.5506 
23 0.0084948 -8.1005 0.0085002 -6.2956 
24 0.0084711 -7.723 0.0084864 -4.783 
25 0.0087147 -9.5507 0.0087185 -4.5124 
26 0.0079417 -9.1208 0.0079233 -6.575 
27 0.0094796 -9.8424 0.0094543 -8.6594 
28 0.0053305 -7.3708 0.0053287 -3.2925 
29 0.0053207 -7.1213 0.0053415 -0.61932 
30 0.0078999 -8.395 0.007906 -3.7894 
31 0.0052906 -6.3594 0.005282 -6.6028 
32 0.0085574 -9.1473 0.0085682 -7.6853 
33 0.0085554 -9.1142 0.0085666 -10.107 
34 0.0085444 -8.9383 0.0085545 -10.147 
35 0.0085272 -8.6643 0.008529 -7.5769 
36 0.0085259 -8.6424 0.0085309 -6.6557 
37 0.0052896 -6.3375 0.0052886 -8.0225 
38 0.0052889 -6.3176 0.0053079 -11.45 
39 0.069236 -0.2989 0.069226 -0.22804 
40 0.069228 -0.26535 0.069221 -0.21098 
41 0.1159 -0.18884 0.11591 -0.18587 
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Table III.8 Case 3: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 42-84 

Case 3 – Injection currents 

Bus no. 
Power flow study result Estimated result 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

42 0.11599 -0.4155 0.11597 -0.32048 
43 0.11598 -0.36732 0.11597 -0.33276 
44 0.069213 -0.20973 0.069197 -0.10945 
45 0 0 0.0010596 -102.65 
46 0 0 0.0010378 -105.2 
47 0 0 0.00059195 -152.05 
48 0 0 0.0012747 -105.13 
49 0 0 0.0013997 -102.89 
50 0 0 0.00089561 -117.05 
51 0 0 0.00066573 -96.683 
52 0 0 0.00062299 142.03 
53 0 0 0.00057608 -138.88 
54 0 0 0.0016764 -80.703 
55 0 0 0.0015005 -80.973 
56 0 0 0.0014421 -80.477 
57 0 0 0.0013365 -80.503 
58 0 0 0.0022111 -78.963 
59 0 0 0.0010885 -87.825 
60 0 0 0.001627 -81.416 
61 0 0 0.00017804 -133.22 
62 0 0 0.00059868 117.69 
63 0 0 0.00028885 133.3 
64 0 0 0.00035976 -103.12 
65 0 0 0.0033788 -81.035 
66 0 0 0.0013347 -88.181 
67 0 0 0.00088694 -93.548 
68 0 0 0.00041947 -114.98 
69 0 0 0.0002901 -141.96 
70 0 0 0.0002979 -140.68 
71 0 0 0.00139 106.47 
72 0 0 0.0010683 108.67 
73 0 0 0.00069418 115.6 
74 0 0 0.0009044 117.6 
75 0 0 0.0001019 97.448 
76 0 0 0.000038205 93.395 
77 0 0 9.3634E-06 83.81 
78 0 0 0.00012034 96.583 
79 0 0 0.00010775 96.739 
80 0 0 0.000088456 97.143 
81 0.85424 -2.9659 0.84765 -4.42 
82 0 0 0.00060168 -117.64 
83 0 0 0.00052573 -99.643 
84 0 0 0.00030505 -151.29 
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Table III.9 Case 4: Comparing power flow solution to the estimated solution and noisy 
measurement for bus voltage magnitudes and angles, buses 1-41 

Case 4 – Bus voltages 

Bus 
no. 

Power flow study result Estimated result Noisy measurement 
Voltage 

magnitude 
(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 
1 0.97641 -9.2818 0.97528 -9.2815 0.9754 -9.2818 
2 0.97699 -8.9038 0.97857 -8.9034 0.9787 -8.9038 
3 0.97971 -7.2512 0.97906 -7.2503 0.97918 -7.2512 
4 0.97707 -9.1874 0.9889 -9.1868 0.98908 -9.1874 
5 0.97979 -8.8024 0.99091 -8.7998 0.99102 -8.8024 
6 0.98249 -8.4253 0.98667 -8.4246 0.98684 -8.4253 
7 0.98662 -7.8596 0.9871 -7.8592 0.98726 -7.8596 
8 0.98935 -3.2457 0.98397 -3.2269 0.9837 -3.2457 
9 0.99017 -3.1073 0.98572 -3.0969 0.98694 -3.1073 
10 0.99114 -2.9439 0.98607 -2.9497 0.98129 -2.9439 
11 0.97723 -9.2215 0.97446 -9.2247 0.97464 -9.2215 
12 0.97723 -9.2215 0.9738 -9.2247 0.97398 -9.2215 
13 0.97835 -9.0648 0.99023 -9.0676 0.99046 -9.0648 
14 0.97949 -9.257 0.98452 -9.2597 0.9847 -9.257 
15 0.98108 -8.328 0.98136 -8.3306 0.98153 -8.328 
16 0.98619 -6.3677 0.98401 -6.3698 0.98415 -6.3677 
17 0.99041 -5.8065 0.99076 -5.81 0.99099 -5.8065 
18 0.97904 -8.9976 0.98416 -9.0004 0.98435 -8.9976 
19 0.98156 -7.0206 0.99685 -7.0231 0.99709 -7.0206 
20 0.98006 -8.7872 0.98229 -8.7867 0.98233 -8.7872 
21 0.98193 -8.523 0.98793 -8.521 0.98792 -8.523 
22 0.98177 -8.5449 0.9865 -8.5429 0.98649 -8.5449 
23 0.98496 -8.1005 0.98882 -8.0992 0.98882 -8.1005 
24 0.98771 -7.723 0.99463 -7.7228 0.99471 -7.723 
25 0.97537 -9.5507 0.98366 -9.5569 0.98405 -9.5507 
26 0.97586 -9.1208 0.97582 -9.1268 0.97617 -9.1208 
27 0.97578 -9.8424 0.97347 -9.8441 0.97361 -9.8424 
28 0.97927 -7.3708 0.98067 -7.3721 0.98084 -7.3708 
29 0.98107 -7.1213 0.98783 -7.1216 0.98798 -7.1213 
30 0.98102 -8.395 0.98936 -8.3944 0.98946 -8.395 
31 0.98665 -6.3594 0.98285 -6.3583 0.98286 -6.3594 
32 0.97775 -9.1473 0.98416 -9.1438 0.98406 -9.1473 
33 0.97798 -9.1142 0.97693 -9.1107 0.97679 -9.1142 
34 0.97924 -8.9383 0.97702 -8.9354 0.97691 -8.9383 
35 0.98121 -8.6643 0.98501 -8.662 0.98497 -8.6643 
36 0.98137 -8.6424 0.98786 -8.6401 0.98783 -8.6424 
37 0.98684 -6.3375 0.98295 -6.3347 0.98286 -6.3375 
38 0.98697 -6.3176 0.97664 -6.3147 0.97652 -6.3176 
39 0.999 -0.2989 1.0001 -0.2963 0.99865 -0.2989 
40 0.99911 -0.26535 1.0002 -0.26278 1.003 -0.26535 
41 0.99937 -0.18884 1.0004 -0.18632 0.99996 -0.18884 
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Table III.10 Case 4: Comparing power flow solution to the estimated solution and noisy 
measurement for bus voltage magnitudes and angles, buses 42-84 

Case 4 – Bus voltages 

Bus 
no. 

Power flow study result Estimated result Noisy measurement 
Voltage 

magnitude 
(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 

Voltage 
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 
42 0.9986 -0.4155 0.99969 -0.41281 1.0097 -0.4155 
43 0.99877 -0.36732 0.99984 -0.36467 0.99643 -0.36732 
44 0.99934 -0.20973 1.0004 -0.19282 1.005 -0.20973 
45 0.98062 -4.2049 0.9758 -4.1922 0.97518 -4.2049 
46 0.98151 -4.0866 0.97682 -4.0782 0.97275 -4.0866 
47 0.98396 -3.7602 0.97944 -3.7608 0.9886 -3.7602 
48 0.98679 -3.3904 0.98221 -3.4046 0.97707 -3.3904 
49 0.99072 -2.8867 0.98636 -2.9277 0.98161 -2.8867 
50 0.99384 -2.4934 0.98988 -2.5617 0.98959 -2.4934 
51 0.98994 -3.145 0.9848 -3.1297 0.97952 -3.145 
52 0.99061 -3.0319 0.98599 -3.0265 0.99452 -3.0319 
53 0.99181 -2.8311 0.98722 -2.8489 0.98986 -2.8311 
54 0.98172 -4.0522 0.97442 -4.0518 0.97274 -4.0522 
55 0.98267 -3.9279 0.9757 -3.9274 0.9765 -3.9279 
56 0.98481 -3.6491 0.97861 -3.6434 0.97794 -3.6491 
57 0.98801 -3.2382 0.98271 -3.2239 0.98751 -3.2382 
58 0.99207 -2.7224 0.98827 -2.7014 0.97513 -2.7224 
59 0.99509 -2.3434 0.99282 -2.3205 0.9902 -2.3434 
60 0.98336 -3.868 0.98168 -3.8722 0.97368 -3.868 
61 0.98446 -3.7173 0.98301 -3.7155 0.98676 -3.7173 
62 0.98608 -3.5026 0.98478 -3.4971 0.99025 -3.5026 
63 0.9893 -3.0807 0.98772 -3.0678 0.99033 -3.0807 
64 0.99195 -2.741 0.99003 -2.7233 0.99124 -2.741 
65 0.97972 -4.3825 0.97248 -4.3821 0.96147 -4.3825 
66 0.98107 -4.2034 0.97476 -4.1999 0.98127 -4.2034 
67 0.98277 -3.9783 0.97729 -3.9741 0.97668 -3.9783 
68 0.98476 -3.7156 0.98017 -3.7119 0.98291 -3.7156 
69 0.98842 -3.2391 0.98507 -3.2378 0.98613 -3.2391 
70 0.99255 -2.7095 0.99049 -2.718 0.98442 -2.7095 
71 0.98218 -4.0535 0.98415 -4.0491 0.98621 -4.0535 
72 0.98342 -3.8905 0.98487 -3.8862 0.98509 -3.8905 
73 0.98552 -3.6163 0.98603 -3.6153 0.98308 -3.6163 
74 0.98865 -3.2121 0.98793 -3.2121 0.99489 -3.2121 
75 0.99914 -0.25574 1.0002 -0.25318 1.0103 -0.25574 
76 0.99924 -0.227 1.0003 -0.22447 0.99141 -0.227 
77 0.99953 -0.14074 1.0006 -0.13827 0.99934 -0.14074 
78 0.99876 -0.36732 0.99984 -0.36468 0.99092 -0.36732 
79 0.999 -0.29502 1.0001 -0.29244 1.0043 -0.29502 
80 0.99944 -0.1666 1.0005 -0.16412 1.003 -0.1666 
81 1 0 1.001 0.0023528 0.99634 0 
82 0.99451 -1.9955 0.99154 -2.1003 0.99057 -1.9955 
83 0.99631 -1.7113 0.99509 -1.6669 0.991 -1.7113 
84 0.99364 -2.1171 0.99157 -2.1392 1.0001 -2.1171 
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Table III.11 Case 4: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 1-41 

Case 4 – Injection currents 

Bus no. 
Power flow study result Estimated result 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

1 0.0085692 -9.2818 0.0085219 -6.0301 
2 0.0079325 -8.9038 0.0079037 -4.1789 
3 0.0053281 -7.2512 0.005452 -20.686 
4 0.0085633 -9.1874 0.0086059 0.10643 
5 0.0085396 -8.8024 0.0099746 23.417 
6 0.0085161 -8.4253 0.0085092 -0.74307 
7 0.0084804 -7.8596 0.0086112 -20.808 
8 0.010279 -3.2457 0.0095252 23.71 
9 0.010271 -3.1073 0.018393 -44.38 

10 0.010261 -2.9439 0.009082 3.5492 
11 0.0086981 -9.2215 0.0092593 -28.582 
12 0.0086981 -9.2215 0.0087709 -2.6186 
13 0.0086881 -9.0648 0.0088599 2.1915 
14 0.0094437 -9.257 0.009746 5.3822 
15 0.0078995 -8.328 0.0081836 7.1706 
16 0.0052931 -6.3677 0.0054873 -20.633 
17 0.0052706 -5.8065 0.0053489 1.8536 
18 0.0086819 -8.9976 0.0088004 -1.1097 
19 0.0053181 -7.0206 0.0057796 -29.024 
20 0.0085372 -8.7872 0.0085752 -8.7464 
21 0.008521 -8.523 0.0086185 -1.7722 
22 0.0085224 -8.5449 0.0089282 -24.637 
23 0.0084948 -8.1005 0.0087433 -20.144 
24 0.0084711 -7.723 0.0085837 0.15983 
25 0.0087147 -9.5507 0.0086697 -6.2414 
26 0.0079417 -9.1208 0.0080016 0.89771 
27 0.0094796 -9.8424 0.0098052 6.535 
28 0.0053305 -7.3708 0.0054395 6.2438 
29 0.0053207 -7.1213 0.0053801 -16.885 
30 0.0078999 -8.395 0.0080254 3.1124 
31 0.0052906 -6.3594 0.005276 -7.8152 
32 0.0085574 -9.1473 0.0086367 -17.47 
33 0.0085554 -9.1142 0.0092832 14.279 
34 0.0085444 -8.9383 0.0085336 -7.4884 
35 0.0085272 -8.6643 0.0086723 -19.354 
36 0.0085259 -8.6424 0.0085733 -1.4995 
37 0.0052896 -6.3375 0.0059421 21.663 
38 0.0052889 -6.3176 0.0053428 3.8323 
39 0.069236 -0.2989 0.069198 -0.00046863 
40 0.069228 -0.26535 0.069335 -0.6129 
41 0.1159 -0.18884 0.11602 -0.45493 
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Table III.12 Case 4: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 42-84 

Case 4 – Injection currents 

Bus no. 
Power flow study result Estimated result 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

42 0.11599 -0.4155 0.11581 0.16464 
43 0.11598 -0.36732 0.11583 0.095037 
44 0.069213 -0.20973 0.06913 0.24618 
45 0 0 0.0038976 -89.466 
46 0 0 0.0041065 -89.365 
47 0 0 0.0035582 -93.078 
48 0 0 0.0042509 -90.568 
49 0 0 0.0012256 169.84 
50 0 0 0.0014668 145.68 
51 0 0 0.00041232 -144.34 
52 0 0 0.0092794 -77.861 
53 0 0 0.0028079 -91.01 
54 0 0 0.0019459 108.14 
55 0 0 0.0014601 110.52 
56 0 0 0.00099489 -85.52 
57 0 0 0.0038048 -77.501 
58 0 0 0.0065777 -76.429 
59 0 0 0.00098748 -94.583 
60 0 0 0.00074135 70.609 
61 0 0 0.0030242 97.481 
62 0 0 0.0034565 99.597 
63 0 0 0.0011704 97.887 
64 0 0 0.00067029 110.49 
65 0 0 0.0042319 -85.673 
66 0 0 0.0042756 -84.468 
67 0 0 0.0042944 -82.97 
68 0 0 0.0038083 -82.032 
69 0 0 0.0021002 111.74 
70 0 0 0.0057647 105.06 
71 0 0 0.005816 -81.101 
72 0 0 0.0030495 -84.596 
73 0 0 0.0031864 111.05 
74 0 0 0.0043823 107.39 
75 0 0 0.00011434 87.227 
76 0 0 0.00041812 -76.384 
77 0 0 0.00047104 -77.904 
78 0 0 0.0010031 98.841 
79 0 0 0.0010843 99.22 
80 0 0 0.00057689 98.983 
81 0.85424 -2.9659 0.8502 -4.99 
82 0 0 0.0022053 114.3 
83 0 0 0.0010723 106.89 
84 0 0 0.0040701 108.38 
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Table III.13 Case 5: Comparing power flow solution to the estimated solution and noisy 
measurement for bus voltage magnitudes and angles, buses 1-41 

 
Case 5 – Bus voltages 

Bus 
no. 

Power flow study result Estimated result Noisy measurement 
Voltage  

magnitude 
(p.u.) 

Voltage 
angle 

(degrees) 

Voltage  
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 

Voltage  
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 
1 0.97641 -9.2818 0.97544 -9.281 0.9754 -9.2818 
2 0.97699 -8.9038 0.9833 -8.7471   
3 0.97971 -7.2512 0.98148 -7.2497 0.98143 -7.2512 
4 0.97707 -9.1874 0.98839 -8.8637   
5 0.97979 -8.8024 0.97934 -8.7999 0.97925 -8.8024 
6 0.98249 -8.4253 1.0032 -7.8365   
7 0.98662 -7.8596 0.9988 -7.8566 0.99875 -7.8596 
8 0.98935 -3.2457 0.99335 -3.2402   
9 0.99017 -3.1073 0.99492 -3.1149 1.0015 -3.1073 
10 0.99114 -2.9439 0.99513 -2.972   
11 0.97723 -9.2215 0.98154 -9.2225 0.98156 -9.2215 
12 0.97723 -9.2215 0.97866 -9.4203   
13 0.97835 -9.0648 0.97899 -9.0657 0.97898 -9.0648 
14 0.97949 -9.257 0.99171 -9.2301   
15 0.98108 -8.328 0.97556 -8.3279 0.97547 -8.328 
16 0.98619 -6.3677 1.0083 -6.2021   
17 0.99041 -5.8065 0.98731 -5.8056 0.98718 -5.8065 
18 0.97904 -8.9976 0.96664 -9.476   
19 0.98156 -7.0206 0.97179 -7.0228 0.9718 -7.0206 
20 0.98006 -8.7872 0.96826 -9.2681   
21 0.98193 -8.523 0.97935 -8.5237 0.97933 -8.523 
22 0.98177 -8.5449 0.98513 -8.7023   
23 0.98496 -8.1005 0.9818 -8.0996 0.98168 -8.1005 
24 0.98771 -7.723 1.0111 -7.5141   
25 0.97537 -9.5507 0.98732 -9.5516 0.98744 -9.5507 
26 0.97586 -9.1208 0.96251 -9.305   
27 0.97578 -9.8424 0.9809 -9.8432 0.98098 -9.8424 
28 0.97927 -7.3708 0.96724 -7.5026   
29 0.98107 -7.1213 0.98146 -7.1218 0.98152 -7.1213 
30 0.98102 -8.395 0.97659 -8.3783   
31 0.98665 -6.3594 0.98464 -6.3584 0.98461 -6.3594 
32 0.97775 -9.1473 0.99097 -8.7944   
33 0.97798 -9.1142 0.97862 -9.1125 0.97856 -9.1142 
34 0.97924 -8.9383 0.98079 -8.8614   
35 0.98121 -8.6643 0.98645 -8.6654 0.98653 -8.6643 
36 0.98137 -8.6424 0.96989 -8.8786   
37 0.98684 -6.3375 1.0024 -6.3376 1.0025 -6.3375 
38 0.98697 -6.3176 0.98514 -6.3348   
39 0.999 -0.2989 1.001 -0.29406 1.0013 -0.2989 
40 0.99911 -0.26535 1.0011 -0.26056   
41 0.99937 -0.18884 1.0014 -0.18418 1.0055 -0.18884 
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Table III.14 Case 5: Comparing power flow solution to the estimated solution and noisy 
measurement for bus voltage magnitudes and angles, buses 42-84 

Case 5 – Bus voltages 

Bus 
no. 

Power flow study result Estimated result Noisy measurement 
Voltage  

magnitude 
(p.u.) 

Voltage 
angle 

(degrees) 

Voltage  
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 

Voltage  
magnitude 

(p.u.) 

Voltage 
angle 

(degrees) 
42 0.9986 -0.4155 1.0007 -0.41037   
43 0.99877 -0.36732 1.0009 -0.36229 1.0036 -0.36732 
44 0.99934 -0.20973 1.0014 -0.19063   
45 0.98062 -4.2049 0.98657 -4.1889 0.98447 -4.2049 
46 0.98151 -4.0866 0.98752 -4.0754   
47 0.98396 -3.7602 0.98986 -3.7636 0.99093 -3.7602 
48 0.98679 -3.3904 0.99244 -3.4121   
49 0.99072 -2.8867 0.99539 -2.9366 0.99954 -2.8867 
50 0.99384 -2.4934 0.99748 -2.5622   
51 0.98994 -3.145 0.99407 -3.145 0.99025 -3.145 
52 0.99061 -3.0319 0.99501 -3.0439   
53 0.99181 -2.8311 0.99583 -2.8648 0.9896 -2.8311 
54 0.98172 -4.0522 0.9859 -4.0645   
55 0.98267 -3.9279 0.98695 -3.9373 0.98424 -3.9279 
56 0.98481 -3.6491 0.9894 -3.6536   
57 0.98801 -3.2382 0.99278 -3.2368 0.99497 -3.2382 
58 0.99207 -2.7224 0.99639 -2.7056   
59 0.99509 -2.3434 0.99894 -2.3142 1.0036 -2.3434 
60 0.98336 -3.868 0.98297 -3.8799   
61 0.98446 -3.7173 0.98481 -3.7281 0.98069 -3.7173 
62 0.98608 -3.5026 0.98758 -3.5076   
63 0.9893 -3.0807 0.99217 -3.0748 0.99568 -3.0807 
64 0.99195 -2.741 0.99556 -2.7269   
65 0.97972 -4.3825 0.97895 -4.3823 0.97853 -4.3825 
66 0.98107 -4.2034 0.98057 -4.2022   
67 0.98277 -3.9783 0.98269 -3.9781 0.98044 -3.9783 
68 0.98476 -3.7156 0.98523 -3.7182   
69 0.98842 -3.2391 0.98989 -3.2516 0.9922 -3.2391 
70 0.99255 -2.7095 0.99498 -2.7368   
71 0.98218 -4.0535 0.98523 -4.0517 0.98865 -4.0535 
72 0.98342 -3.8905 0.98611 -3.8924   
73 0.98552 -3.6163 0.98782 -3.6259 0.98155 -3.6163 
74 0.98865 -3.2121 0.99106 -3.2313   
75 0.99914 -0.25574 1.0012 -0.25098 0.98856 -0.25574 
76 0.99924 -0.227 1.0013 -0.22229   
77 0.99953 -0.14074 1.0016 -0.13617 0.99917 -0.14074 
78 0.99876 -0.36732 1.0009 -0.36229   
79 0.999 -0.29502 1.0011 -0.29014 1.0029 -0.29502 
80 0.99944 -0.1666 1.0015 -0.16197   
81 1 0 1.0021 0.0043043 1.0006 0 
82 0.99451 -1.9955 0.99729 -2.1144   
83 0.99631 -1.7113 0.99966 -1.6666 1.0074 -1.7113 
84 0.99364 -2.1171 0.99654 -2.1489   
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Table III.15 Case 5: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 1-41 

 
Case 5 – Injection currents 

Bus no. 
Power flow study result Estimated result 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

1 0.0085692 -9.2818 0.0086161 -11.538 
2 0.0079325 -8.9038 0.0078373 -8.7602 
3 0.0053281 -7.2512 0.0053578 -9.4684 
4 0.0085633 -9.1874 0.0083274 -7.3941 
5 0.0085396 -8.8024 0.0085673 -10.891 
6 0.0085161 -8.4253 0.0080447 -3.1844 
7 0.0084804 -7.8596 0.0084616 -5.3706 
8 0.010279 -3.2457 0.010161 -5.5229 
9 0.010271 -3.1073 0.0096659 3.7606 

10 0.010261 -2.9439 0.010071 -3.744 
11 0.0086981 -9.2215 0.0087069 -9.1789 
12 0.0086981 -9.2215 0.0088748 -10.091 
13 0.0086881 -9.0648 0.0087025 -10.249 
14 0.0094437 -9.257 0.0094442 -6.9789 
15 0.0078995 -8.328 0.0079324 -11.915 
16 0.0052931 -6.3677 0.0052285 3.0105 
17 0.0052706 -5.8065 0.0053098 -9.7462 
18 0.0086819 -8.9976 0.0090907 -12.747 
19 0.0053181 -7.0206 0.0053315 -11.994 
20 0.0085372 -8.7872 0.0089521 -12.605 
21 0.008521 -8.523 0.0085272 -9.8768 
22 0.0085224 -8.5449 0.0086577 -7.9373 
23 0.0084948 -8.1005 0.0085182 -10.083 
24 0.0084711 -7.723 0.0083687 -1.0321 
25 0.0087147 -9.5507 0.0087321 -5.4238 
26 0.0079417 -9.1208 0.0081179 -13.476 
27 0.0094796 -9.8424 0.0094813 -8.1732 
28 0.0053305 -7.3708 0.0054721 -13.308 
29 0.0053207 -7.1213 0.0053211 -6.8654 
30 0.0078999 -8.395 0.0078907 -10.145 
31 0.0052906 -6.3594 0.0052869 -8.2197 
32 0.0085574 -9.1473 0.0082845 -5.7098 
33 0.0085554 -9.1142 0.0085701 -9.9079 
34 0.0085444 -8.9383 0.0084899 -9.3158 
35 0.0085272 -8.6643 0.0085304 -7.6955 
36 0.0085259 -8.6424 0.0087543 -13.096 
37 0.0052896 -6.3375 0.0053148 0.61169 
38 0.0052889 -6.3176 0.0052986 -8.5863 
39 0.069236 -0.2989 0.069305 -0.56442 
40 0.069228 -0.26535 0.069279 -0.46035 
41 0.1159 -0.18884 0.11592 -0.22492 
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Table III.16 Case 5: Comparing power flow solution to the estimated solution for bus injec-
tion current magnitudes and angles, buses 42-84 

 
Case 5 – Injection currents 

Bus no. 
Power flow study result Estimated result 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

Injection current 
magnitude (p.u.) 

Injection current 
angle (degrees) 

42 0.11599 -0.4155 0.11598 -0.37212 
43 0.11598 -0.36732 0.11596 -0.30933 
44 0.069213 -0.20973 0.069206 -0.17336 
45 0 0 0.000097242 159.45 
46 0 0 0.00035427 123.46 
47 0 0 0.0007247 116.36 
48 0 0 0.00089167 116.08 
49 0 0 0.0010397 115.23 
50 0 0 0.00062466 113.65 
51 0 0 0.00042309 -110.65 
52 0 0 0.0004941 136.02 
53 0 0 0.00023736 -146.62 
54 0 0 0.00022143 -46.679 
55 0 0 0.0002242 -46.481 
56 0 0 0.00037546 81.81 
57 0 0 0.00086254 92.599 
58 0 0 0.00098812 91.778 
59 0 0 0.0010889 91.627 
60 0 0 0.00071056 -65.777 
61 0 0 0.00071504 -65.249 
62 0 0 0.00016315 25.697 
63 0 0 0.0008871 91.483 
64 0 0 0.00098802 91.562 
65 0 0 0.00063512 -85.203 
66 0 0 0.00057703 -86.154 
67 0 0 0.00054923 -86.601 
68 0 0 0.00024136 -101.46 
69 0 0 0.00028629 126.16 
70 0 0 0.00029901 115.61 
71 0 0 0.00057408 110.94 
72 0 0 0.000078243 -143.29 
73 0 0 0.00070912 -82.088 
74 0 0 0.00020982 -94.797 
75 0 0 0.00033169 -78.436 
76 0 0 0.00024101 -78.315 
77 0 0 0.00010488 -77.759 
78 0 0 0.000088815 98.19 
79 0 0 0.000088815 98.19 
80 0 0 0.000044407 98.19 
81 0.85424 -2.9659 0.84808 -2.33 
82 0 0 0.0006329 100.98 
83 0 0 0.00076592 94.171 
84 0 0 0.00056049 97.961 
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